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1. Realizarea unei lucrari si trimiterea spre publicare a acesteia.

Lucrarea ” Wardowski’s Contraction and Fixed Point Technique for Solv-
ing Systems of Functional and Integral Equations” de Hasanen A. Hammad,
Monica-Felicia Bota si Liliana Guran a fost publicata in jurnalul ” Journal
of Function Spaces”, jurnal indexat Web Of Science si anexata prezentului
raport.

Teoria punctului fix joaca un rol foarte important in multe ramuri ale

matematicii. Determinarea punctului fix pentru diferiti operatori a devenit



centrul unei puternice activitati de cercetare. In 1922 matematicianul polonez
Banach a demonstrat un rezultat foarte important cunoscut in literatura ca
”Principiul contractiilor al lui Banach”. Studiul punctelor fixe pentru opera-
tori multivoci folosind metrica Pompeiu-Hausdorff a fost introdus in 1969 de
SB. Nadler in lucrarea ” Multivalued contraction mappings”, care a demonstrat
principiul contractiilor pentru operatori multivoci.

Putem astfel distinge doua mari directii in care teorema de punct fix a lui
Banach se poate generaliza. Una dintre ele este aceea de a schimba spatiul
de lucru. Astfel s-au obtinut rezultate recente de punct fix in spatii metrice
generalizate in sens Perov, in care metrica considerata ia valori vectoriale. Un
alt spatiu de lucru exploatat de multi autori este acela a spatiilor metrice (sau
b-metrice) inzestrate cu un graf.

O alta directie este aceea in care conditia de contractie este inlocuita cu
diferite conditii de contractie generalizate, de exemplu conditii de tip Reich-
Rus, Ciric, Kannan, contractii pe grafic, etc. O serie de operatori, cum ar fi
operatori de tip Berinde, Wardowski, etc sunt considerati in literatura recenta
si se demonstreaza teoreme de existenta gi unicitate in diferite spatii metrice
generalizate. A se vedea lucrarile [6], [9], [3],

In lucrarea publicata in Jornal of Function Spaces, autorii considera cazul
spatiilor metrice complete si demonstreaza teroreme de punct fix pentru oper-
atori de tip Wardowski.

Lucrarea este structurata astfel: in primul paragraf se prezinta punctul de
pornire al acestei lucrari, binecunoscuta teorema de punct fix al lui Banach,
mentionata anterior, si se prezinta structura lucrarii. In al doilea paragraf
se introduc notiunile folosite in lucrare, notiuni necesare pentru o mai buna
intelegere a rezultatelor principale. Rezultatele obtinute in aceasta lucrare gen-
eralizeaza cateva rezultate interesante, recent publicate. Una dintre lucrarile ce
stau la baza acestui studiu este cea a lui Berinde si Borcut [16], in care intro-

duc notiunea de punct fix triplu pentru operatori univoci si stabilesc rezultate



interesante in spatii metrice complete folosind astfel de operatori, a se vedea
[14, 15].

In al treilea paragraf se enunta si demonstreaza teoreme de existenta a
punctelor fixe triple in spatii metrice complete inzestrate cu un graf direc-
tionat. Operatorii considerati in acest paragraf sunt m—contractii. Notiunea
de 7- contractie a fost introdusa in 2012 de Wardowski [9]. Folosind aceasta
notiune, au fost publicate o serie de lucrari ce extind rezultatele demonstrate
de Wardowski, considerandu-se diferite spatii de lucru, de exemplu [10, 11, 12].

In paragraful 4 se demosntreaza existenta solutiilor diferitelor tipuri de sis-
teme de ecuatii integrale, aplicandu-se in demosntrarea teoremelor rezultatele
din paragraful anerior. Ultimul paragraf este dedicat unor exemple numerice.

2. Prezentarea rezultatelor obtinute la un seminar de cercetare
din Universitatea Babes-Bolyai

O alta serie de teoreme de punct fix, obtinute in contextul spatiilor b-
metrice, considerandu-se conditii de contractie pentru operatori multivoci de
tip Ciric, au fost prezentate la un seminar de cercetare in cadrul grupului
de Cercetare ”Operatori Neliniari si Ecuatii Diferentiale” de la Universitatea
Babes-Bolyai. Prezentarea a avut loc in 7 octombrie. Atasat acestui raport
este emailul cu anuntul prezentarii.

~ 3. Participarea la o conferinta stiintifica internationala pe dome-
niu

Participarea cu prezentare la ”4th International Conference on Mathemat-
ical and Related Sciences”, 22-24 octmbrie, 2021. Atasat este certificatul de

participare.

References

[1] A. Amini-Harandi, Endpoints od set-valued contractions in metric spaces,

Nonlinear Anal. 72(2010) 132-134.



2]

3]

[9]

[10]

[11]

M. F. Bota-Boriceanu, A. Petrusel, Ulam-Hyers stability for operatorial
equations, Analel Univ. Al. I. Cuza, lasi, 57(2011), 65-74.

N. Hussain. P. Salimi Salimi. Suzuki- Wardowski type fized point theorems
for a- GF contractions, Taiwanese J. Math. 18 (6) 1879 - 1895, 2014.
https://doi.org/10.11650/tjm.18.2014.4462.

J.S. Jung, Strong convergence theorems for multivalued monexpansive

nonself-mappings in Banach spaces, Nonlinear Anal. 66 (2007) 2345-2354.

G. Lopez, H.K. Xu, Remarks on multivalued nonexpansive mappings, Soo-

chow J. Math. 21(1995) 107-115

M. Pacurar, Fized point theory for cyclic Berinde operators, Fixed Point

Theory 12(2), 419-428, 2011.

P.T. Petru, A. Petrusel, J.-C. Yao, Ulam-Hyers stability for operato-
rial equations and inclusions via nonself operators, Taiwanese J. Math.

15(2011) 2195-2212.

A. Petrusel, I.LA. Rus, M.A. Serban, Basic problems of the metric fized
point theory and the relevance of a metric fized point theorem for multi-

valued operators, J. Nonlinear Convex Anal. 15(2014) 493-513.

D. Wardowski, Fized points of a new type of contractive mappings
in complete metric spaces, Fixed Point Theory Appl 2012, 94 (2012).
https://doi.org 10.1186/1687-1812-2012-94.

R. Batra, S. Vashistha, Fixed points of an F-contraction on metric spaces

with a graph, Int. J. Comput. Math., 2014, 91, 1-8.

R. Batra, S. Vashistha, R. Kumar, A coincidence point theorem for F-

contractions on metric spaces equipped with an altered distance, J. Math.

Comput. Sci., 2014, 4, 826-833.



[12] M. Cosentino, P. Vetro, Fixed point results for F-contractive mappings of

Hardy-Rogers-type, Filomat, 2014, 28, 715-722.

[13] T.G. Bhaskar, V. Lakshmikantham, Fixed point theorems in partially
ordered metric space and applications, Nonlinear Anal., 2006, 65 1379-
1393.

[14] M. Abbas, M. A. Khan, S. Radenovi¢, Common coupled fixed point the-
orems in cone metric spaces for w—compatible mappings, Appl. Math.

Comput., 2010, 217, 195-202.

[15] V. Berinde, Coupled fixed point theorems for contractive mixed monotone
mappings in partially ordered metric spaces, Nonlinear Anal., 2012, 75,

3218-3228.

[16] V. Berinde, M. Borcut, Tripled fixed point theorems for contractive type
mappings in partially ordered metric spaces, Nonlinear Anal., 2011, 74,

4889-4897.



Hindawi

Journal of Function Spaces

Volume 2021, Article ID 7017046, 15 pages
https://doi.org/10.1155/2021/7017046

Research Article

Hindawi

Wardowski’s Contraction and Fixed Point Technique for Solving
Systems of Functional and Integral Equations

Hasanen A. Hammad ,' Monica-Felicia Bota ,>* and Liliana Guran

4,5

'Department of Mathematics, Faculty of Science, Sohag University, Sohag 82524, Egypt

Department of Mathematics, Babes-Bolyai University of Cluj-Napoca, Kogalniceanu Str., No. 1, 400084 Cluj-Napoca, Romania
*Academy of Romanian Scientists, 3 Ilfov Str., Bucharest, Romania

*Department of Pharmaceutical Sciences, “Vasile Goldis” Western University of Arad, Liviu Rebreanu Street, No. 86,

310048 Arad, Romania

®Babes-Bolyai University of Cluj-Napoca, Kogalniceanu Str., No. 1, 400084 Cluj-Napoca, Romania

Correspondence should be addressed to Hasanen A. Hammad; hassanein_hamad@science.sohag.edu.eg

Received 28 June 2021; Accepted 19 October 2021; Published 16 November 2021

Academic Editor: Calogero Vetro

Copyright © 2021 Hasanen A. Hammad et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

In this manuscript, some tripled fixed point results are presented in the framework of complete metric spaces. Furthermore,
Wardowski’s contraction was mainly applied to discuss some theoretical results with and without a directed graph under
suitable assertions. Moreover, some consequences and supportive examples are derived to strengthen the main results. In the
last part of the paper, the obtained theoretical results are used to find a unique solution to a system of functional and integral

equations.

1. Introduction

Mathematics is one of the most important ways to under-
stand things that happen around us. Mathematics has been
divided into branches, and with its help, one can analyze
other sciences. Integral and differential equations are very
important tools that can be used to build patterns in order
to understand the models that happen around us. The fixed
point theory also plays a crucial role in integral and differen-
tial equations.

A commonly used tool that has a major role in nonlinear
analysis is the fixed point technique, which was given by the
well-known scientist Banach. The famous “Banach Contrac-
tion Principle” [1] can be announced as follows.

Theorem 1. Assume that (®, @) is a complete metric space
(CMS) and Q is a self-mapping defined on it, such that for
all ', € ® and g € [0, 1), the following inequality holds:

o(Ql',QP) <a(l', P). (1)

Then, there exists a unique fixed point (FP) of Q and the
sequence {Q"I!}, . converges to it, for all leo.

There are more generalizations of the inequality (1)
either by replacing the contraction condition or by using
more general spaces. For more results, see [2-4].

We construct the present paper as follows: in Section 1,
we recall the background of our work; in Section 2, we give
essential results, which are useful for understanding the
aim of the paper; in Section 3, we discuss the existence
of tripled fixed point (TFP) results via mr-contraction map-
pings in CMS with and without a directed graph (DG); in
Section 4, we prove the existence of a solution of different
types of tripled systems of functional integral equations;
and in Section 5, illustrative examples are given to support
our study.



2. Preliminaries

In 2012, a new type of contraction was given by Wardowski,
called Wardowski’s contraction or sr-contraction (see [5]).
He generalized the condition in Banach’s theorem and stated
the following definition.

Definition 2 (see [5]). Assume that (®, @) is a metric space
and Q is a self-mapping defined on it. We say Q is rr-con-
traction, if there is 7 € F and € € (0,+00) such that

CD(QII, le) >0 implies € + "((D(Qll, le)) (2)
S”((D(ll,lz))\ﬂl, Pe e,

where z is the family of all functions 7 : (0,+-00) — R such
that the conditions below hold:

(7r,): for each I', B e R*, if I' < I%, then 7(I') < n(P); ie.,
7 is strictly increasing,
(7r;): lim I1 =0 if and only if lim 7(I}) = —co, where
n—:00 n—aoo
{1}, is a sequence of positive numbers.
(mj): lim (1"*7(1') = 0 for each y € (0, 1).
Ir'—0*
By the inequality (2), the same author introduced some

examples of various contractions as follows: for all LEe®
with v>0 and QI' # Q,

(i) 7,(v) =1In (v), @(QI', QP)/@(I', P) < e

(i) m,(v) =In (v) +v, @(QI", QP)ePNQ) < (I, 17)

AU P)-¢
(i) 7,(0) = ~1/v/5,  @(Ql', QR)(1+ ty/a(l, BY)” < a(
L)

(iv) m,(v) =In (v* +v), @(Q', Q) (1+@(Ql', Q1)) <
eta(l, PY(1 +a(l', P))

where all functions {r, : n=1,2,3,4} €F..

Remark 3. The inequality (2) implies that Q is a contractive
mapping, that is,

o(Ql',QP) <a(l', ), (3)

for all I', € ® such that QI' # QI*. Hence, every m-con-
traction is continuous.

Remark 4 (see [6]). Let m(v) = —1/{/v, where { > 1 and v > 0.
Then, € F.

Wardowski states his theorem as follows.

Theorem 5 (see [6]). Assume that the mapping Q satisfies the
contraction condition (2) on a CMS (®, @). Then, there is a

unique fixed point of Q and {Q"I'}, . converges to the fixed
point for all I' € ®..

For two mappings, this theorem has been generalized by
Isik [7] as follows.

Lemma 6 (see [7]). Suppose that (©, @) is a CMS and Q and
R are self-mappings defined on it. If there is ¢ >0 and meF
such that

t+m(@(Q, RP)) <n(a(l', ), (4)

for all ',?e® and min {@(Q!",RP),®(I',)} >0, then
there exists a unique common fixed point of Q and R.

A number of papers related to 7-contraction and related
fixed point theorems in the setting of various spaces were
published. See, for example, [8-10].

In the paper [11], the concept of the coupled fixed point
(CFP) was presented and studied. In partially ordered metric
spaces and abstract spaces, some main results in this direc-
tion have been considered. See [12, 13].

Definition 7. Assume that @ # Fand QR : @ X ® — O are
given mappings; then, the pair (I, ) e ®x @ is called

(i) CFP of Qif Q(I',?)=1" and Q(I*, ') =P

(ii) a common CFP of Q and R, if Q(I, *) =R(I', ) =1I"
and QA 1N =R(A, 1) =P

Using the generalized notion of CFP, Berinde and Borcut
[14] defined the notion of a tripled fixed point (TEP) for self-
mappings and established some interesting consequences in
partially ordered metric spaces. Many other research results
were given in this direction, for different spaces and different
types of mappings. For additional results, see 4, 15-17].

Definition 8. Assume that®@#@ and QR: 0’ — O
(where ® = ® x ® x ©) are given mappings; then, the pair
(I, ,P) € ® is called a TFP of Q if Q(I', ., P) =1", Q(P,
P,y =P and QB I, P)=P..

Here, the symbol Q2 refers to the set of all TFPs of the
mapping Q, that is,

Q={(PP)e@ : Q2 P) =1 Q(FFI')

5
=P and Q(P, I, P) =P}, z

In [18], Jachymski used the following notations.

Assume that (®, @) is a MS and Y is the diagonal of the
Cartesian product ® x ®. Consider 1=(A(2),V(2)) a
directed graph (DG), where A(Q) is the set of vertices that
coincides with ® and V(1) is the set of edges that contains
all loops, i.e, V(2)2 Y.

The two definitions below were introduced by Chaoban-
koh and Charoensawa [19].




Definition 9 (see [19]). A mapping Q : @ — @ is called
edge-preserving if

(" u'), (B ), (P ) e V(D) (6)
implies

[(Q(Il, 2, 13), Q(ul, u?, u3)), (Q(lz, P, Il), Q(uz, u, ul)),
(Q(F, I, 12), Q(u3, ut, 112))] e V(D).
(7)

Definition 10 (see [19]). A mapping Q : ®* — O is called
J-continuous for each (I, 1%, I’) € ® and for any sequence
{m j}jeIN of positive integers with

Q(lm > tmy m ) — ll’

Q(lyzn > l?n > tm; ) — 12’ (8)

Q(lf,, o2 ) B,

as j— 00, and

1 2 1
(Q(( m; ’ m; > m ) ( m; A+1° um +1° ”m +1) Q(( m; 2 m J lm )
2 1 3 1 2
(le +1’ le +1? Up, +1)) Q((lm 3 lm 4 lm )
3 1 2
(llmjﬂ’ um;+1’ umj+l>)> € V(j)

Then, for j— oo, we have

(et ) ) o )
Q(Q(B By 1, ): QB o o ) Q1 B )
Q(Q(By 1 2, ) Q1 oo B ) Qo B )

—Q(IL 1),
— Q(IZ, 13’ 11),
—Q(P, I, P).

(10)
Definition 11 (see [18]). Let (®, ®) be a CMS and 2 be a

directed graph. A triple (®, @, 2) has the property (K) if
for any sequence {I,,}, . C©® with lim [ =1 and (I,
H—00

L) €V(Q), for neN, we get (1,,,1) e V(2).
3. Tripled Fixed Point Technique

Let us start this section by giving the following lemma,
which is useful in the proof of the main result.

Lemma 12. Let (®,@) be a CMS and @’ be a Cartesian
product. Define a distance @, by

max

ma,\((ll lz 13) (Lll,llz, 113))

= max {@(l’, 141), (D(lz, uz), (D(l3, u3)}.

Then, (@7, @) is also CMS.

(11)

Proof. The proof of the lemma is obvious. g

Furthermore, let us give the first main theorem of this
section.

Theorem 13. Assume that (©, @) is a CMS and Q,R : @’
— @ are continuous mappings. If there is >0 and m e F
such that ®((1*, 2, P), (u!, u?, u®)) > 0 implies

P,+7r((D(Q(11, 2, 13),R(u1, i, 10)))

11 2 2 3 3 (12)
<m(max {@(I',u Y, o(F,u?), 0, u 1B

for each (I',I2,P), (u!,u?,u’) € ®’, then Q and R have a
unique common TFP.

Proof. Define the mappings M*, H* : © — ©’ by

M (12 P = (QUIL B B, (P B 1N, (P 1, B)),
H* (I, 2, P) = (R(, 2, P), R(P, B, 1Y), R(P, T, 1)),
(13)

Next, for a CMS &? (see Lemma 12), we shall show that
M* and H* justify the inequality (4). For (I', 2, P), (u?, u?,
ud) € @, let

B (M (I, 1, P), H (), 2, 1))
= Do ((Q(PL P F), (lz B, 1, Q(P, 1, 1),
(R(ul,uz,u3) R(u?, wu ),R(u3,u 1))
=max {@(Q(I', B, P), R(u, v, v’)), ((Q(P P, 1),
R(u* 1w, u')), @(Q(P, 1, ), R(u, u',u?))} > 0.
(14)

~—

Here, if we put

Dgg =max {@(Q(I', *, P), R(u', 4%, 1)), @(Q (.58
R(uz, u3,ul)),tD(Q(l3,ll,lz), (u wut,u ))},
(15)

then three cases will be discussed for @(Q(I', %, ), R(u
u?, u?)) >0 as follows:



(%;): if Dog = ®(Q(I', P, ), R(u', u?, u*)), then, by rela-
tion (12), we obtain
€+ 77 (@ (M (I PP, H* (u', u*, )
=€+7r(cD(Q(ll,lz,l3), (u u? u3)))
< 7r(max {@(11,12,13),@(Ll ' u)})
= 7r(max {(D(ll,ul),c‘o(l2 ), o(P,u)}).

(%) if Dop = @(Q(I%, P, I'), R(u?, u®, u')), then, by (12),
we have

(16)

071 (@ (M* (I, P P), H* (', 42, 1))
=t+7(@ (Q(l2 B, l) (u u? ul)))
<7(max {@(F, P, o(u?, v’ u')}) (17)
—n(msx {o(7"12) 00" ')
< 7(max {(D(ll,u )s (12 ), @(13,u3)}).

(%) if DQR:a)(Q(l3,ll,ZZ),R(u3,141,112)), it follows
from (12) that

0+ 77 (@ (M* (I PP, H* (u', u*, u*)))
=0+7(@ (Q(l3 I, 12) (u u' uz)))
< 7(max {0(13, ll,lz), (ua', ws uz)})
=7r(max {@(13, i), (D(lz, uz), cD(Il, u')}).

The above cases prove that the condition (4) is fulfilled.

Then, M* and H* have a unique common FP (l'l, 1", 1'3)
€ ®. This means

() e (7% = (2P ) o),
(1",1’2,1’3) :H*(l",z’z,l”) = (R (1",1’2,1'3),R(1’ NaN ),R(z”,l",r'z)).
(19)

(18)

Hence,
QI 1) =R(1 1717 =11,
Q(l'z, 17 l”) :R(l'z, 1” 1")

Q(z’3,z",z’2> :R(l”,l" ’2) ~1'3.

', (20)

Therefore, (I'1,1'2,1'3) is a common TFP of Q and R.
The uniqueness follows immediately from the definition
of M* and H*. a

A pivotal result follows below by letting Q=R in
Theorem 13.

Corollary 14. Assume that (®,®@) is a CMS and Q : ©’
— @ is a continuous mapping. If there is £>0 and m e F

such that o((I, 2, P), (u!, u?, u®)) > 0 implies

(u u? 143)))
1),&)(12 uz) (0(13,143)}),

or all (I, 2, B), (u!, u?, u?) € @, then Q has a unique TFP.
q

e+ m(@(Q(l, B P),

(21)
< 7 (max {(D(

Now, we will discuss the existence and uniqueness of a
TFP in a CMS with a directed graph.Following the paper
[19], we define the set (©%), by

(®3)Q — {(ll lz 13) c@®d: (ll, Q(ll, 12’ 13))) (lz, Q(12’ 13’ ll)),
(P,Q(P, I, ))ev(Q)}.
(22)

Proposition 15. Let Q:®° — © be an edge-preserving
mapping; then, for all n € N,

(tp): (1 uh), (Po?), (P wd) e V(D) = [(Q"(IL, B, F), Q"
(u!ad, u3)), (Q'(% P, 1Y), Q'(u?, u?, ul)), (Q" (P, 1, 17), Q*(
ud, ul, u?))] e v(2).

(t
), (Q"

) (11 ZZ 13) (@3)Q:>[(Q" (11)12’13), Q”+1(ll,12,13)
I
ev(Q).
(t3):
) €

B, QU EL 1), (@1 ), (P, 1, )

(11 lz 13) ( ) :>(Q”(ll,12, 13),Q”(lz, 13,11),Q"(
P, 1L 1)) € (8,

(2

Proof. (t,): consider (I', u'), (1, u?), (P, u®) € V(2). Because
R is a preserving mapping, we get (Q(I', %, ), Q(u', u?, u*))
€ V(). Using the same property, we can write (Q*(I', %, ),
Q*(u!, u?, u?)) € V(). It follows that, by induction, (Q"(I',
1%, P), Q"(u', u?, u?)) € V(). In the same manner, we can
prove (Q”(l2 PN, Q' (u?, u?, u")) € V() and (Q*(P, 11, 1),
Q"(u?, u', u?)) e V(D).

(t,): assume that

(LB P) e (@), : (L QB P)), (PP, 1h),
(P, Q(P, 1L, 7)) ev(Q).

(23)
By (t,), we get

(Qn (ll, 12’ 13)) Qn+l (ll, lZ) 13)) — (Qn (ll, 12) 13))

(24)
Qn(Q(ll’ 12, 13)) Q(lz, 13) ll>, Q(ls, ll, 12))> € V(j)

Similarly, one can show that (Q"(12,13,ll),Q"“(lz,l3,
") ev(Q) and (Q"(P, I 1P), Q"1 1)) e V(Q).(t,):
from (), we get

( (ll lz l3) (Qn (ll, 12’ 13), Qn (12’ 13, ll), Qn (13’ ll, ZZ)))
= (Q” (ll 12 l3) Qn+1 (ll, lz’ 13)) ” V(:l),
(25)




which is equivalent to (Q*(I', %, ), Q"(% P, 1'), Q"(P, I',
P))e (®3)Q' O
Definition 16. We say Q : ® — © is a 7= -rational contrac-
tion mapping (7=-RCM) if
(¥;): Q is edge-preserving.
(©;): there is a positive € > 0 such that
t+m(@(Q(l B, 1), Q(u', v, u?)))
1 3,3 26
Sﬂ(d)(l,u)+d)(l,u)+LD(l,Ll)>) (26)

3

for all (I, ub), (B, u?), (P, u?
(u', u?, u?)) > 0.

) € V(2), with o(Q(I', %, ), Q

Lemma 17. Assume that (©, ®) is a MS and Q : @ —0is
a 12-RCM with a DG 2. Then, for each (I', u"), (’, w?), (P,
u) € V(2), we have

n(cD(Q(ll,lz,P),Q(u’,uz, w)))
<ﬂ(a(l’, u') +(Z)(l2,142) +(D(l3, 143)> e (27)

B 3

Proof. Let (I, u"), (P, u?), (P, v
preserving, we have

) € V(2). Because Q is edge-

(Q(ll,lz,l3),Q(ul,uz,u3)) e V(D). (28)

It follows from Proposition 15 (f,) that (Q"(I', 2, ), Q"
(u', u?, u?)) € V(2). Because Q is a 7~-RCM, one can obtain

(0@ (1 F1P), @ (12:))) =m(@(QIQ . P). QP P, 1), QP P, Q[Q(H' #.9), Q[ ), Qi8] )

3

e <a)(l‘, ul) + a)(123, uz) + (D(l3, u3)> oy

M01eover, we have the same result if (Q"(I%, I, 1'), Q"(
ut i, u')) ev(Q) or (Q'(PILP), Q"(u, ut, u?)) e V(D).
Therefme, the conclusion follows using mathematical induc-
tion. 0

Lemma 18. Let Q : @ — @ be a n?-RCM on a CMS (O,
®) with a DG 2. Then, for each (I', ) € (©°),, there is

(I',I'21'3)e® such that Q'(ILP P, — 1" Q"
(BB 1Y), o — 17, and Q'(P 1 B), ey — 17, as .

Proof. Suppose that (I', 1>, ’) € (@3)Q; then,

(I Q(IL P, PY), (P, QPP 1), (P, Q(P 1 P)) € V(D).
(30)

Set u' = Q(I', B, P), 2 = Q(I?, P, 1'), and u® = Q(P, I', )
in the contractive condition of Lemma 17 and put

o(I, (L 1, P)) +o(P, (P, P, 1) + o, Q(P, I 1))

3
(31)

S(IL 1 P) =

n(ci)(Q(ll,lz, PY, Q(u', w2, u?)) + @(Q(1*, P, 1Y), Q(u?, w?, u')) +

@(Q(P, 1IN ), Q(u, u',u )))

(29)

Then, we have
( ( (ll, l2, 13)) Qn (Q(ll, 12’ 13)) Q(lz, 13) ll), Q(la, ll, 12))))
<n(S(, 1, B)) - n,,
(32)

or equivalently,

n(@(Q (I B, BY, @™ (I, 2, P))) < m(S (I 1, 1)) — nt

(33)
As n — 00 in (33), we can write

lim 7(@(Q" (ll, 2, 13), Q! (ll, 12, 13))) =-00. (34)

H—00

Applying condition (77;;), we have

lim o(Q"(I", 2, P), Q"' (I 2, P))=0.  (35)

n—aoo

Using the same steps, we can write

lim (D(Qn (12) l3, ll), Qn+l (12, 13) ll)) = 0)

n—aoo

lim (D(Q” (13) ll) 12)’ Qn+1 (13) ll, 12)) =0.

n—aoo

(36)




From condition (77;;) to (35), there exists p € (0,1) such
that

lim (CD(Q” (ll, 12’ 13)) Qn+l (ll, 12’ 13)));(
n—00 (37)
. (D(Q" (11’ 12) 13)’ Qn+1 (11) l2’ ls)) -0.

For all # € N, the inequality (33) yields

(@(Q"(ll, l2’ 13)) Qn+1 (ll, 12, 13)))!‘
x [m(@(Q" (1P, F), @ (I 2, P))) - n(S(1 1 1))
<-n(@(Q'(I 2, P), Q" (I 2, P)))e<o.
(38)

Take into account (35) and (37), and taking n — oo in
(38), we get

lim (@(Q"(I P, P), Q" (I 2,P))) =0, (39)
By (39), there is mn,e€N, such that n
(@(Q"(I', 2, P), Q"' (I B, P)))" < 1, for all n>n,, or

1
niw’

(D(Q" (ll, 12) 13), Qn+1 (ll, 12’ 13)) <

foralln>n,.

(40)
Using (40), for m > n > n,, we get

(D(Q”(ll,lz, 13)’ Qm (11) 12’ 13)) < (D(Q”(Il, 12) 13)) Qn+1 (11’ 12) 13))
+"'+(D(Qm_l (11’ 12) 13)) Qm (11’ 12) 13)) < z

nxn

nlin”
(41)

The convergence series Yoo 1/n'# leads to

lim @(

n,m—0o0

Q'(IY, 1, P), Q"(I', 2, I’)) = 0. Moreover, we can write

lim (D(Q” (ZZ, 13’ Il), Qm (12) 13) ll)) =0,

n,mM—00

lim (Q'(P, I ), Q" (P11, 7)) =0.

n,m—o0

(42)

This implies that {Q"(I', 2, )} ,cper {Q (PPN}, ene
and {Q"(P,1', 1)} are Cauchy sequences in ®. The com-
pleteness of (®, @) tells us that there is (I'1,1'2,1'3) € ®®
such that Q"(IN1,P), 0 — 1", QBP0 — 17,

and Q"(P, I, ) ey — I, as n —> co. Then, the conclu-
sion follows. O

Theorem 19. Assume that Q : ® — © is a m=-RCM on a
CMS (©, @) with a DG 2. Let

(a) Q be Q-continuous

(b) the triple (©, @, Q) satisfy the property (K) and 7 be
continuous

Then, Q# @ if and only if (©°),+ @.

Proof. Let Q) # &; then, there is (l'l, 1'2, 1'3) € so that (l'
LQU'LI'2,I'3))=("1,I') ey cv(Q), (I'2,Q(I'2,1'3,I'
1))=('2,1'2) e Y cV(Q), and (I'3,Q(I'3,1'1,1'2)) = (I3,
I'3)eYcV(Q). So, (I',Q(I'1,1'2,1'3)), (I'2,Q(I'2,1'3,1'
1)), (I'3,Q(I'3,1'1,1'2)) € V(2); this yields (©%), # @.

Conversely, suppose that (%), # @; this means that
there is (I', 2, ) € (@3)Q such that

(11, Q(ll, 12) 13))) (12’ Q(lz, 13’ ll)), (13’ Q(l3, ll, ZZ)) € V(:)
(43)

Considering a positive integer sequence {n;},.» by
Proposition 15 (t,), we obtain

(Q (L. F), @ (LB P) eV, (49)

Applying Lemma 18 to (44), there are I'1,1'2,1'3¢®
such that

lim Q" (L2, P) =1'1,

lim Q" (1%, P,1') =12, (45)
lim Q%(P,1,1%) =1'3.

(a) Let Q be O-continuous; then, we get

Q(Qn,- (ll, 12) l3), Qn,- (12) 13) ll),
Q' (B 1L 1)) — Q(l'l, I'2, 1’3), asi — 00.
(46)

From triangle inequality, it follows

a(Q(I'LI2,1'3)1')
<a(Q(I'Lr'21'3),Q" (LA P))  (47)
+a(QW (1P, P), I').
The continuity of Q and (45) leads to @(Q(I'1,1'2,1'3),
I'1)=0, ie, Q'1,1'2,1'3)=1"1. Similarly, one can show

that Q(I'2,1'3,1'1) =1'2 and Q(I'3,1'1,1'2) =1'3. Hence, a
triple (1'1,1'2,1'3) is a TFP of Q and Q #0.

(b) If a triple (®, @, Q) satisfies the property (K), then
we get



@(Q" (11,12,13),1’1) ev(Q). (48)
Again, by the triangle inequality, we have
@(Q<l'1,l'2,l'3>,1'1) sm(Q(l’l,l’z, 1'3),(2“”(1',12,13))
va(Q (PP
<o(Q(IIM 1), Q@ (I L), Q' (5 B 1) Q' (11 7))
va(Q (L P)I).
(49)
Using mapping 7 yields
m(a(Q(I"1", Y1) -a(Q (".2.P)1")
<m(a(Q(1%1%).Q(Q (1B P) Q' (B P, Q' (P 2)))
. («D(r”, Q (A P)) +a(I%Q (1)) + o1, Q (13,1',12))> »

3
(50)

»1)=0, ie, QU 17,
13 g1 12

1=l
1% eq. O

As n— co in (50), we obtain that (@(Q(I

') < —co, that is, @(Q(", 1”7, 1”

1'3)=l'1. Similarly, one can prove that Q(l'z,l
13 1 IZ):‘-l’3_ So (l’l,llz

and Q(I',I",1

4. Applications

The fixed point theory is a very important tool in nonlin-
ear analysis, due to its applications in various domains
(see [20, 21]).

Before stating the main results of this section, we need
the following lemma.

Lemma 20 (see [22]). Assume that q)g : [0,00) — [0,00) is a
function defined by

e

(1+eye)’ =

gi(e) =

for {>1 and €> 0. Then,
(i) gog(e) is strictly increasing
(ii) (pg(O) =0 and (pg(e) is a concave function

(iii) for e, € [0,00), |9f(r) — @} (e)| < @i (Ir —e])

4.1. System of Tripled Functional Equations. The fixed point
technique contributes to the study of dynamic program-
ming, which is considered an essential tool in optimization
problems such as the study of dynamic economic models.
This technique has been studied by many researchers to give
a unique solution to a system of functional equations via
suitable contraction conditions in various spaces. For more

results, we refer to Bhakta and Mitra [23], Liu [24], Pathak
et al. [25], Zhang [26], and Bellman and Lee [27].
Consider a system of tripled functional equations below:

z(ll) = sup{c(ll, 12) + ](ll, lz,z(o(ll, lz)), b(o(ll, lz)), a(o(ll, lz)))},

b(ll) =Iszlig{c(ll,l2) +](11,12, b(o(ll,12)),a(o(ll,12)),2(0(11,12)))},
a(ll) = Iszlelg{c(ll, 12) + ](11, 2, a(o(ll, 12)), z(o(ll, 12)), b(o(l‘, 12))) I
(52)

where S and D are state and decision spaces, respectively,
I'eS, 0:SxD—S, c:SxD— R, and J: SxDxR3
— R

We denote the set of all bounded real-valued functions
on a nonempty set S, by Ag. Define

vl :sup]v(ll)l, (53)
I'es

for any v € Ag. Moreover, on Ag, define a distance as follows:

@(r, u) =sup|r(') —u(l')], (54)

I'es

for all r, u € Ag. Clearly, the pair (Ag, @) is a CMS.

Problem (52) will be considered via the two hypotheses
below:

(%,): the functions c¢: SxD— R and J: SxDx R
— R are bounded.

(f,): forall I' €S, P € D, and z,b,e,2*,b", e* € R, for {

>1 and ¢ >0, we have
|](ll, 2,z b, a) —](ll, B,z b*, a*)
max {|z—2z"|,|b—b"], |a—a[} ~(55)

<
(1+€{/max{|z—z*|,|b—b*|,|a—a*|})(

Theorem 21. Using the hypotheses (%;) and (%;;) on Agx A,
the problem (52) has a unique bounded common solution.

Proof. On the space Ag, let us define an operator Q as fol-
lows:

Q(z b,a)(I') =;1:g{c(ll, P+ ]I P z(o(I P)), -

b(o(F, ). a(o(F )},

for each (z,b,a) € Ag and I' € S. The boundedness of the
functions c and J assures that the mapping Q is well defined.
Suppose that (z, b, a), (z*,b*,a*) € Agx Ag, and take

Xl g =max {|z(o(IL ) = 2" (o(, F)) |-
|b(o(1,12 ) b*(O I )|,

LE)) =" (o1 F)
lae(t P)) =a” (e(L F)) [}




2 (oI F))|
lb(o(, 7)) =6 (o (", ) (57)
la(o(t", 7)) =a" (e(L E))I}-

Then, by hypothesis (%;), we have

z*b’a* >

i —max{” o(ll,lz))

®(Q(z, b,a), Q(z", b*,a"))
=sup|Q(z b,a)(I") - Q(z", b",a") (1) |

I'es

=sup
I'es

—sup{c(l', P) +J(I', B, 2" (o(I", ), b (o(1, %)),

PeD

sup {c(I', ) +J (I', Poz(o(I', ), bo(, )),a(o(I, 1))}

oA
= sup{sup|](ll, Iz,z(o(ll, 12)), b(o(ll, IZ)),(I(O(II, 12)))

. o )b ol P P

z,ba
Xz b’ at

¢
<1+€,/ij;a>

Szbn

btat

<sup( sup
I'es | PeD

< sup ———[
I'es ba
<1+€‘/SZ a )
max {@(z,z"), @(b,b"),

£ ®(a,a")}
(1 + 0/ max {@(z, z*),

o(b, 0"), (a, a*)}y ’

(58)

where the nondecreasing character of (pg was used (Lemma
20). Then,

®(Q(z b,e), Q(z*, b, e"))
max {@(z,z*), @(b, b"), @(e, e*)} - (59)

(1 +¢{/ max {@(z, z*), @(b, b"), @(e, e*)})(

<

Taking {/ on both sides, we have

(/e b9, e, b a)
{max {@(z,2*), @(b, b"), @(a, a*)} e
1+ 8{/max {@(z,z*), @(b, b"), ®(a,a*)} ’

or equivalently,

1+¢{/ max {@(z,z*), @(b, b"), @(a,a*)}
{/max {@(z,z*), @(b, b"), @(a, a*)} (61)

1
<

" {/0(Q( b, a), Q" b, a%))’

yields

1 +¢
Vﬁw{mafﬁmhwxmmfﬂ (62)
" {/a(Q@b,a), Qb a")
and this leads to
o 1
{/a(Q(z b,a), Q(", b%, a%)) (63)

1
Ymax {0(z,2*), d(b, 0"), @(a,a)}

This confirms that the inequality (21) of Corollary 14
holds with 7z(v) = (=1/%/v) € F (Remark 4). Then, it follows
that the operator Q has a unique TFP. At the same time, it
is a unique bounded solution of the problem (52) on Ag X
Ag. O

4.2. Tripled System of the First Type of Integral Equations. In
this subsection, the theoretical results of Corollary 14 will be
applied to discuss the existence and uniqueness of a solution
of an integral equation tripled system. Let us consider the
following system:

rl

OY(e, r (1), P(r), P(r))dr,

1Y(e, r (1), B(r), 1'(r))dr, (64)

Y(er, P(r), I'(r), P(r))dr,

Jo

where k(e) is defined for all e € [0, 1].

Consider C[0, 1], the set of all real continuous functions
defined on [0, 1], and together with the distance defined
above, we can notice that (C[0, 1], @) is a CMS.

Now, we discuss the problem (64) according to the
assumptions below:

(#,): k: [0,1] — R is a continuous function.

(#,): Y :[0,1]x[0,1] x R* — R is a continuous func-
tion verifying

¥ (ent (), P, PO) = Y (e (0,170 )]
max{‘ll—l'll ilz 1’2‘ ‘13 113}
)

(65)

for each e, € [0, 1] and I', P, P, I "% 1% €R, and €> 0 and
{>1.
Furthermore, let us present the main theorem of this

subsection.




Theorem 22. There is a unique solution of system (64) (Z'I,

e, 1'3) € (C[0, 1])°, as long as the conditions (&) and (&)
are satisfied.

Proof. Define a mapping Q on C[0, 1] as follows:

Q(I' 2, P (e) =k(e) +J Y (e, 1, ' (r), P(r), P(r))dr, (66)

0

for all I, %, P € C[0, 1]. In virtue of (4,) and (4,), we con-
cude that Q(I',7,P)eC[o,1] for each I',P, I’ eC[0,1].
Thus, we can write

Q: (Clo, 1])* — Clo, 1]. (67)

12

Let @(Q(I', 2 1), Q(I",1”,1°)) > 0; then, for e€[0,1],

we get
(.. P) @) - (1%, ) (r)‘
J;Y(e, r B (), (), P () )dr - J;Y(e, " 1"(r),1’z(r),1'3(r))d‘
< J; Y (er I (r), B(r), P(r)) - Y(e, B 1), ), 1”(;-)) ’dr
3 Jl max lll(r) = I’](r) 5 |lz(r) fl'z(r) 5 \13(1‘)—1'3(1')\}
’ (1 * C{/:ax {lll(r) = 1"(,')’, [Py -1 [P - 1”@)’})5
| max {m(l‘(r),1"(r)),m(12(r), I'Z(r)>,a)(l3(r), 1’3(,-))}
’ <l + E{/ max {D(ll(r), I’l(r)), 11)(12(1'), I'z(r)), (D(IS(r), I’J(r)) }>5
max {w(l‘(r),1”(;-)),@(12(r), I’Z(r)),m(ﬂ(r), 1”(r))}
(1 + ﬁ{/?mx {0(1‘(,-), 1"(;—)),0(120), I’Z(r)),m(ﬂ(r), 1”(r))})t
(68)

dr

)

IN

dr

where the nondecreasing characters of gog were used
(Lemma 20). Thus,

a(Q( 2Py, QI 1%.17))
max {w(l‘(r), 1"(;-)) , d)(lz(r), I'Z(r)>,a)<l3(r), 1’3(,-))}

(1 + u{/ max {o(l‘(r), 1"(;-)),@(12(:-), l’z(r)),¢D<13(r')»1'3(f)> })c

(69)

<

By the same approach used at the inequalities (60)-(62),
we get

1

WQ(F, 2Py, Q1 1%17))

g —

Hence, the hypotheses of Corollary 14 are fulfilled on 7
(v) = (-1/{/v) € F (Remark 4). There is a unique TFP of

the mapping Q. In other words, there is (1'1,1'2,1'3) €
(C[0,1))* such that

I"(e) = F(lu’l, i 1,,’3) (e) = k(e) + J Y(e, B 1), L ()1,

1*(e) = F(l,,’z, e L”) () = k(e) + Y(e, L2 (), 1,
0

4.3. Tripled System of the Second Type of Integral Equations.
Let us consider the following type of system of integral
equations:

M

I'(e) = ) W(e, )X (&1, I (r), (r), P(r))dr,

I’(e) = MW(e, )X (e.r, P(r), P (r), I'(r))dr, (72)
rM

13(6) =

W(e,r)X (esr, P(r), ' (r), B(r))dr,

JO

where e, r € [0, M] with M > 0.

This subsection is devoted to discussing the influence of
the theoretical results of a DG for solving this new type of
system of integral equations.

Let IT = C([0, M), R") endowed with [|I'|| = maxgceep|!"

e)| for all I' € IT. Moreover, define a partial order on a
zp 3
! 1

graph 1 as follows, for all I', eI 1P eMand ee o,
M,
Pl ole) <l (e),
P<i? o Pe)<1™(e), (73)
P<l” e Ple)<I’(e).

Thus, (I7, ||.||) is a CMS equipped with a directed graph 2.
Let (IT,]|.]|, 2) be a triple with the property (K) and
123 ol 12 B3y 2
(IP = xIx 1), ={(I" " P) eIl : I <Q(IL 1, 1), 1
<Q(AP,1"),and P <Q(P, I I7) }.
(74)

We can state the main theorem.

Theorem 23. There is at least one solution of the problem
(72), if the assumptions below are fulfilled:

(»,): the functions X :[0,M]x [0, M]xR" x R" x R"
— R" and W : [0, M] x [0, M] — R" are continuous such
that




M
M
J Wi(e r)dr< —, (75)
. ¢
for all e, r € [0, M] and €> 0.
(»): for all I, B0 1217 e RY with 11 <1, P<1?,

13
and P <17, we have

X(eor, (r), B(r), P(r)) SX(e, n 1, 1% (), 1'3(r)), (76)
for all e, r € [0, M].
(»,): there are £> 0 and { > 1 so that
\X(e, r 1), B(r), P(r)) - (e n 1), (1), 1’3(;-))\
¢ (1/3) max {

_t Pt 12—1’2',|l3—z’3.}

M (1 +e{/(1/3) max{ 'y —l”‘, |12—z’2., ]13—1’3”)()

(77)
for any e, r € [0, M].
(»,): there is (I', 2, IP) € IT? such that

M

I'(e) = ) W (e, )X (e, 1, 12(r), E(r), E(r))dr,

E(e)= WW(e, )X (e 1, 2(r), E(r), L (r))dr, (78)
M

P(e)= ) W(e,r)X(e 1, lf(r),lf(r),lf(r))dr,

where e € [0, M].
Proof. Let the mapping Q : IT* — IT defined by
Q(I B, P)(e)
M
- J W(e )X (e, ' (r), (1), P(r))dr,  e€[0,M].
0
(79)

Ne\{t we show that Q is J-edge-preserving. Let I', >, I°,

1% 1 e IT with I' < I 2<I”? and P < I Then, we get

M

Q(I', %, P)(e) = J W(e,r)X (e.1, I'(r), P(r), P(r))dr

0
M
< J W(e, r)X(e, r, l,](r), 1120,)’ ll3(r))d1-
0
1243

Q(l ! t)()
(80)

Using the same steps, we can write QA P, 1M (e) <Q(l

2 13,1 )(e) and QP I, B)(e) < QLI 1) (e), for all e
€ [0, M].
Next, from (»,), it follows
(IP) = { (I P F) e IP : 1' < Q1L B, F), P < Q( L),
and? <Q(P,IL,P)} +@.
(81)

Ultimately,

(2. #)(0) - 1" 1% 1) o)
sj‘:W(e,r)\X(em1‘(r>,12(r>,13< ) =X(ent" (170,17 0) |dr
¢ (3 max{|! -1 ]e - L=}
M <1+c{/(1/3) max ﬂz‘ -1, ‘12—1”‘, \13 -7 })(
(1/3) max {‘11 - 1"\, \12 ~ 1’2\, ’13 ~§F
<1+e\<ﬁ/3) max{‘ll —1"\,‘12—1’2, =P }>(
(G T et 1)
(1+“{ﬂ1’3>U\"—”‘H+H’Z-”ZH+H’“’”H‘)(
) ((o(zl,z’l) +w(12, ") +w(l3,l’3))/3)
(oo o (n) o))

dr

M
< [ W(e,r)
Jo

(82)

where the nondecreasing characters of (pg were used (Lemma
20). Thus,

o(afh.p1).(1 )
) (( (zl I )+w(12 ’2)+@(z3 ’))/3)

(+eif(o(e.r") co(r.)): 3)"

(83)
Taking (/" on both sides, we get

+chZ'

{olat F0).a(r )
{/((‘D(ll’ lll) + ‘D<lz, 1'2) - cv(l3, 1’3))/3> (84)
) 1+€{/@a<ll,l’l) + w(zz,z’z) +®(l3,l’3>>/3)




or equivalently,

L+ E\‘/(o(l‘, 1) +a(P17) +o(117)) 3
J((o(n1") a(tr) va(PF))5) (g

1

\‘/m(Q(ll, 2P). QI 1%1%))

>

or
l 1 : - +¢
{/ oI 1) +a (P, 1%) +a(P,17)) 13
() o) eol)
B .
{/{D(Q(K lz, 13)’ Q(lll) 112’ l,a))
This leads to
. 1
; 125 m e
\/;<Q(l»l7l)=Q(l okl >> (87)

V((@(zl, ) +a(, %) +o(P,17)) ) |

Hence, Q is 7=-RCM with 7(v) = (-1/{/v) € F (Remark
4). So, it follows from Theorem 19 that the mapping Q has
a TFP, which is a solution of the problem (72). O

5. Examples

In this section, some important examples satisfying theoret-
ical consequences are presented, with the role to strengthen
our results.

Example 1. Assume that @ = [0,00) and @(I', ) = ' - 2.
Clearly, (®, @) is a CMS. Define Q, R : @ — © by
-4+ P
LEPy=d—— " <P PeaP
o) - {14

12,3
R(ll,lz,l3)={l 15”,11

forall 2P e®

(88)

+ PP

Moreover, from the definition, Q and R are continuous.
Let 7 : R* — R be a function defined by 7(v) =1n (v) for
v > 0. To verify the inequality (12) of Theorem 13, we con-
sider the following cases: '

o )if ' +P>4P and I' +l >l2 we can write Q(I',
1

PP)= (I — 4P+ P)/5 and R(, 1507 = (1 =17 +17)15;
then,
1 2 3
(Q(ll 2P, (1’1 1'2,1'3)> _ 11—4;2+l3 ! —l’5 +1
popt roap P Rt |1 -4
= + + <
5 5 5 5 5
por®| |r-rt| |e-rt] (R =17
+ < + +
5 || 5 5 ‘ 5 ‘
< g max {‘ll —l'l‘, ‘lz - 1'2\, ’13 —l'3 }
-3 {o(t.") (1) 02"}
(89)

Taking 7 into account, we can write

In (tD(Q(ll’12’13)’R(l,1’l/2’l’3)))
ci (3o fo(0 1) o(1 ) 0(0F)})
<3

<tn (3) +1n (max {o(1.1"). @217 0(P.17) ),
(90)
or
In @) +1n ((D(Q(l‘,12,13),R(Z'1,l'2,l'3))) o
<ln (max {a(11"),0(217),0(F,1°) }),
which leads to
z+n(o(Q(11,12,13),R(1",1’2,1’3)) -
92

< ﬂ(max {@(ll, l’l> , a)(lz, 1’2) : @(13, l’s) })

(o)) if P+ P24l and I +1° <17,

we have Q(I', I, )
= (I' = 4P + P)/5 and R(I", 1%,17) = 0; then,

Q(Q(ll,lz,P),R(l 12,1'3)) = lll—izi—ol

) (1’ - z”) + (1’2 —12) +(P —1’3)‘ + (1" » —1’2)
- 5

popt P ap| B0
| 5 5 s




since for all i, j,k € ®, i+ j + k <3 max {i, j, k}, one can get
(D(Q(l‘,lz,l3),R<l'l,l'2, '3))

gmax{z‘—sz’l 1”2 4P } o
<L {o(1") (1) (1)}

and by the same manner of (e,), we get (92).

P-1?
+
5

IN

5

(o) if ' + P < 4P and I +1'3 21", then Q(I', B, ) =0
and R(l'l, I, 1'3) = (l'l iy 1'3)/5. Hence, by the same
method of (e,), we obtain (92).

(o) if '+ P <4P and I"' +17 <I”, we get Q(I', 1%, F)
=0 and R(l'l, 2, 1'3) =0; it is trivial.

It follows from (e,) — (e,) that the inequality (12) of
Theorem 13 with £=1n (5/3) > 0 is verified.

Then, (0,0, 0) € @ is a unique common TFP of Q and R.

Example 2. We consider the following tripled system of
functional equations:

|2(0)] 1 15 R O]

Eo))

' (1453 pEN) (1R @)’

1 1 1

z(1') = sup{ arctan (I' + 5|F%|) + + .
*) IzeE ( ‘ l) 1+ (I‘)2 1+e 3(

1 1 2 1 1 1

b(l ) =sup{ arctan (1 +5|I |)+ + -

s 1+(11)2+ 1+e 3(1+8</|b(—0)|)3 3(14_53 |a(o)|)3 3(14.43 IZ(0)|)3

la(o)] 1 |b(o)]

1 1 1
+

a(I') = sup| arctan (I'+5]|) +

for I' € 0, 1].

It is clear that the system (95) is a special form of system
(52) with S=10, 1] and D =R. The condition (#;) of Theo-
rem 21 is clear. For (¥;), we can write

(B z(o (1)), b(o (1)) a(o(F F)))
~J(1 P2 (o(1, ), b7 (o1 ) (o1 F)))
B TGV O I
N8N (1+8Y170)

. |b(0)| - 6" (9)| i
3 (1+53 pE)) (1459 [ (0)])
R T N )
2 (1+4 [ao)]) (1+4 [ ()])
= 19300 - g0l D] + 3173080 - 93(E" @)D)

Pek 1+(11)2 L+ef 5<1+83|a(o)|>3 3(1+5’|Z(0)|>3 3(1+4\/3 |b(0)|)3

Pl 1

+

POl 1 la@ 1 o) },

+ Lo ao)) - 920" @D)] < 393 - [ @)
+ 202 - b () + 5 (la(o)] = la" (]
< 1R(1(0) - @) + 54360 = ' @)
+ 93(a(o) - a" (0)) < 3gatmax {lz==| ="} Ja~a" )
+ 393max {Jz =2 b= b a-a’})
v gimax (2= 2| b |la=a'[})

1
<3x Lgy(max {|z= 2] o~ &'l Ja - a'[})
B max {|z—2*|,|b-b"|, |a-a’|}
(1+43/ max (z=2 b= 5], |a—a*|})3

(96)

where Lemma 20 is used. Hence, (#;;) is satisfied with ¢
=4 and ¢ =3. According to Theorem 21, the system (95)
has a unique solution in Ag X Ag.
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Example 3. Suppose the following tripled system of integral
equations:
1 . 17 2 1. 37
ll(w)=€w+J w2 ! +l Il (')I 5+l Il (’)I 5_,_1 ll (’)l - dl‘,
0 1+r 3 " e 3 W 3 e
<1+ 10¢/1 (r)) (1 +73/)t (r)l> <1+6 T (;~)|)
1 g 2 3 1
Iz(w):ew+J whe +% |2(n)] 5 +% ()] 5 % 1) P -
’ (1 + 10,5/12(;-)> (1 + 7,5/|13(r)|) (1 +65/|11(;~)|)
1 30 1 20
13(w):ew+J w2+1:r+§ [P (") 5% I1(r)] 5% |P(r)] a,
0 (1+105 lS(r)> <1+7f/|l’(r)1) (1+6,5/|12(r)|>

for w € [0, 1].

Again, system (97) is a special case of system (64), where
k(w) =e*.

It is obvious that the condition (#;) of Theorem 22
holds. For the condition (4,), we get

12

Y(w,r, I (r), P(r), 13(1')) = Y(w, r, l'l(r),l (), 1'3(1'))‘

')

1
I(reoyen) (g

<

w
/N
p—
+
~
)
=
~__
w
|
/N
Pt
+
N
5
~_

+3lesEoD - g ()]
+2leEon - g (P o))
<z (Pl o)) + s (irel- o)

R RO BYAGCREC)

3o (Po-10) + 3P0 - e))
< %(pio (max { 2P, P =10 })
+ %(pg(max {'zl _r, ‘zz _? ,’13 _? )

J
%‘Pg(max {.ll |-, ll3 =7* }> (98)
|

-1,

—

>

(167 max P })5’

where Lemma 20 was used. Hence, (#,) holds with ¢ =6 and
{ =5. According to Corollary 14, system (97) has a unique

solution (I, 1'2,1°) € (C[o, 1])°.

I z"i, lzz -7

6. Conclusions

The present paper is dedicated to the study of the existence
and uniqueness of tripled fixed points in a CMS with and
without a directed graph. Common tripled fixed point
results are given too. Moreover, some applications of the
main results in solving different types of tripled equation
systems are presented. Then, using our main results, we
study the existence and uniqueness of a solution of some sys-
tems of tripled functional and integral equations used in the
study of dynamic programming. To sustain our results, the
last part of the paper is dedicated to some illustrative exam-
ples. Our results come to improve some results from the
related literature and give new directions in the study of eco-
nomic phenomena, using the tripled fixed point technique.




14

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.

Additional Points

Open Questions. (1) A new research direction can be consid-
ered the existence of fixed points in the case of multivalued
operators. Which conditions can be imposed in order to
obtain the uniqueness of the fixed point for the multivalued
operators’ case? (2) Moreover, the case of coincidence fixed
points and the case of coupled fixed points can be considered
for further research proposals.
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