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Abstract

This paper generalizes the existing minimal mathematical model of a given
generic touristic site by including a distributed time-delay to reflect the whole
past history of the number of tourists in their influence on the environment
and capital flow. A stability and bifurcation analysis is carried out on the
coexisting equilibria of the model, with special emphasis on the positive equi-
librium. Considering general delay kernels and choosing the average time-
delay as bifurcation parameter, a Hopf bifurcation analysis is undertaken in
the neighborhood of the positive equilibrium. This leads to the theoretical
characterization of the critical values of the average time delay which are
responsible for the occurrence of oscillatory behavior in the system. Ex-
tensive numerical simulations are also presented, where the influence of the
investment rate and competition parameter on the qualitative behavior of
the system in a neighborhood of the positive equilibrium is also discussed.
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1. Introduction1

Over the past several years, the tourism industry has flourished notably2

in many parts of the world. It is well known that the development of the3

specific tourist infrastructure required by a certain touristic site comes with4

the downside of the negative impact upon the natural environment and re-5

sources. Therefore, a careful balance must be maintained at all time in order6

to protect and preserve the surrounding areas.7

Analyzing tourism sustainability by introducing a minimal descriptive8

mathematical model, Casagrandi and Rinaldi [1] proved that it is virtually9

impossible to come up with policies that guarantee a sustainable tourism10

without a negative and direct impact on the environment. Moreover, for the11

same minimal model, Wei et al. [2] performed a stability analysis of the12

equilibria for different values of the investment parameter.13

Distinguishing two main tourist categories (mass and eco-tourists), Lac-14

itignola et al. [3] proposed a four-dimensional model, evaluating different15

scenarios for an effective management of a tourist site. In [4], considering16

the degradation coefficient as bifurcation parameter, they further exempli-17

fied different scenarios for the transition to chaotic behavior. More recently,18

the same four dimensional tourism-based social-ecological dynamical system19

was investigated in [5], discussing tourism profitability, compatibility and20

sustainability.21

On the other hand, Russu [6] developed a different type of mathematical22

model that uses the idea of nature-based tourism revenue which is channeled23

towards Protected Areas and other environmental conservation activities.24

Time delay is introduced in the mathematical model and it is shown to cause25

fluctuations of the bio-economics system. Then, in [7], the maximization of26

the cash-flow resulting from visitors was investigated, based on the dynamics27

of interaction between the resources of a natural park and the number of28

tourists.29

Discrete time-delays have been often used in modelling of economic sys-30

tems [8, 9, 10]. Nevertheless, in this paper, we generalize the minimal31

model of a given generic touristic site in a more realistic way, introducing32

a distributed time-delay which depicts the whole past history of the vari-33

able. Therefore, compared to discrete time-delays, distributed time-delays34

are more appropriate to be used in the modelling of real world processes35

[11, 12, 13, 14, 15, 16, 17].36

The main focus of this paper is the stability and bifurcation analysis of37
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the coexisting equilibria of the mathematical model, with special emphasis on38

the positive equilibrium state. The bifurcation parameter is chosen to be the39

average time-delay of the distributed delay kernel, but in the numerical sim-40

ulations, we also discuss the influence of the investment rate and competition41

parameter on the qualitative behavior of the system in a neighborhood of the42

positive equilibrium. The main theoretical tools that are available for differ-43

ential equations with infinite delays can be found in [18, 19, 20, 21, 22, 23].44

Additionally, the Hopf bifurcation theorem for differential equations with45

infinite delay has been proved in [24].46

The paper is structured as follows. Section 2 provides the mathematical47

model of a touristic site, where we introduce distributed time delay to account48

for the effect of previous tourists that is seen in the number of present visitors,49

environment and capital flow. In Section 3, positive solutions and positive50

equilibrium states are examined. For different types of equilibrium points51

local stability analysis is provided in Section 4. In Section 5, we present52

a bifurcation analysis for the distributed delay model in the case of several53

types of delay kernels. Numerical simulations are illustrated in Section 6 and54

finally the conclusions are drawn.55

2. Mathematical model56

The minimal model pertains to a generic site and it is defined by three57

variables as follows: T (t) the number of tourists at time t within a particular58

site, E(t) which represents the quality of the natural environment and C(t)59

which stands for the capital flow intended as the structures for the tourists60

activities and should not be associated with the flow of services made avail-61

able for tourists.62

There is a positive influence both ways between tourists (T ) and capital63

flow (C) and both are having a negative influence over the quality of the nat-64

ural environment (E). Also, at its turn, the environment E affects positively65

the number of tourists T .66

According to [1] the rate of change of tourists at the site is described by
the product TA, where A is the attractiveness of the site. The attractiveness
is generated by the feedback of the tourists that can influence decisions of
the potential new visitors (i.e. ”word of mouth” information sharing [25]):

Ṫ (t) = T (t)A (T (t), E(t), C(t)) .
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The total attractiveness function A(T,E,C) is the difference between the
algebraic sum of attractiveness of the environment A1(E), attractiveness of
the infrastructure per capita A2

(
C
T+1

)
and congestion term (αT , α > 0),

as minuend and the positive reference value a that can be viewed as the
expected attractiveness of the site as the subtrahend. Thus,

A(T,E,C) = A1(E) + A2

(
C

T + 1

)
− αT − a,

where α > 0 is the congestion parameter.67

The functions A1 and A2 are bounded and increasing, with A1(0) =68

A2(0) = 0 (e.g. Monod functions). In particular, they can be chosen as:69

Ai(x) = µi
xni

ϕnii + xni
(1)

where µi, ϕi > 0 and ni ≥ 1, for i = 1, 2. For ni = 1 we obtain the particular70

case of Monod functions that have been considered in [1].71

The rate of change of the environment is the difference between the qual-
ity of environment in the absence of tourists and capital, described by the
classical logistic equation, as minuend and the flow of damages induced by
tourism D(T,E,C) as subtrahend:

Ė(t) = rE(t)

(
1− E(t)

K

)
−D (T (t), E(t), C(t)) ,

where r > 0 is the net growth rate and K > 0 is the quality of the envi-72

ronment in the presence of all civil and industrial activities (except tourism)73

that characterize the site under study.74

The function D(T,E,C) is positively correlated with tourists and capital
and can be considered of the form:

D(T,E,C) = E(βC + γT ),

where β, γ > 0.75

The rate of change of the capital flow is the difference between the in-
vestment flow I(T,E,C) and the depreciation flow proportional to C(t):

Ċ(t) = I (T (t), E(t), C(t))− δC(t),

where δ is a very small positive parameter due to the slowness of the degra-76

dation of tourist structures. The function I(T,E,C) is simply considered to77
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be proportional to the number of tourists, i.e. I(T,E,C) = εT , where ε > 078

is the investment rate.79

Therefore, the associated mathematical model is given by [1]:80 
Ṫ (t) = T (t)A (T (t), E(t), C(t))

Ė(t) = rE(t)

(
1− E(t)

K

)
−D (T (t), E(t), C(t))

Ċ(t) = I (T (t), E(t), C(t))− δC(t)

(2)

In [6] a mathematical model with discrete time delay has been consid-81

ered, assuming the fact that the environmental resource and capital stock82

at time t depend on the number of tourists from the past. It is worth not-83

ing that in general, when a mathematical model of real world phenomenon84

is constructed, the exact distribution of time delays is usually unavailable.85

Therefore, general delay kernels may provide more precise results [26, 27]86

compared to discrete time delays. Therefore, in this paper, we will investi-87

gate the following mathematical model with distributed time delay:88 

Ṫ (t) = T (t)

[
A1(E(t)) + A2

(
C(t)

T (t) + 1

)
− αT (t)− a

]
Ė(t) = E(t)

[
r

(
1− E(t)

K

)
− βC(t)− γ

∫ t

−∞
T (s)h(t− s)ds

]
Ċ(t) = ε

∫ t

−∞
T (s)h(t− s)ds− δC(t)

(3)

In system (3), the function h : [0,∞)→ [0,∞) represents the delay kernel, i.e.89

a probability density function expressing the probability of the occurrence of90

a particular time delay. The delay kernel h is piecewise continuous, bounded91

and satisfies92 ∫ ∞
0

h(s)ds = 1. (4)

The average delay of the kernel h(t) is

τ =

∫ ∞
0

sh(s)ds <∞.

Discrete time-delays which are the most frequently used delays in the litera-
ture correspond to Dirac kernels h(s) = δ(s− τ), τ ≥ 0:∫ t

−∞
T (s)h(t− s)ds =

∫ ∞
0

T (t− s)δ(s− τ)ds = T (t− τ).
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However, in many real world applications, it is more appropriate to use p-93

Gamma kernels h(s) =
(p
τ

)p sp−1

Γ(p)
exp

(
−p
τ
s
)

, where p > 0, and τ is the94

average time delay. The effect of different types of distributed delays on the95

system’s dynamics is worth investigating.96

3. Positive solutions and positive equilibrium states97

Proposition 1. The open positive octant of R3 is invariant to the flow of98

system (3).99

Proof. Let us consider initial functions from the open positive octant of R3,100

i.e. T−(t), E−(t) and C−(t) continuous, positive and bounded functions de-101

fined on the interval (−∞, 0].102

From the continuity of the solutions of delay differential systems, there103

exists t? > 0 such that T (t) > 0, E(t) > 0 and C(t) > 0 for any t ∈ (−∞, t?).104

From the first equation of (3), as the function Ai, i = 1, 2, are positive,
we obtain

Ṫ (t) ≥ −T (t) [αT (t) + a] , ∀ t ∈ (0, t?)

which implies [T (t)−1e−at]
′ ≤ αe−at for any t ∈ (0, t?), and leads to:

T (t) ≥ aT (0)

aeat + αT (0)(eat − 1)
> 0, ∀ t ∈ (0, t?).

Therefore T (t?) > 0.105

The second equation of (3) is a Bernoulli equation which can be re-written
in the form:

Ė(t) + E(t)F ′(t) = − r

K
E(t)2

where F ′(t) = βC(t) + γ
∫ t
−∞ T (s)h(t − s)ds − r and F (0) = 0. Therefore,

the solution is given by:

E(t) = e−F (t)

[
E(0)−1 +

r

K

∫ t

0

e−F (s)ds

]−1

> 0, ∀ t ∈ (0, t?).

Then, E(t?) > 0.106

From the last equation of (3), we obtain Ċ(t) ≥ −δC(t) on the interval107

(0, t?), and therefore C(t) ≥ C(0)e−δt > 0, for any t ∈ (0, t?), i.e. C(t?) >108

0.109
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It can be easily seen that the following states are equilibrium states for
system (3):

S0 = (0, 0, 0), S1 = (0, K, 0), S2 = (T0, 0,
ε

δ
T0),

where T0 = r
(
β ε
δ

+ γ
)−1

.110

Strictly positive equilibrium states of system (3) exist if and only if the111

following algebraic system has at least one strictly positive solution:112 
A1(E) + A2

(
C

T + 1

)
− αT − a = 0

r

(
1− E

K

)
= βC + γT

εT = δC

(5)

which is equivalent to:
C =

ε

δ
T

E = K

(
1− T

T0

)
A1

(
K

(
1− T

T0

))
+ A2

(
ε

δ

T

T + 1

)
− αT = a

Thus, a strictly positive equilibrium state S+ = (T+, E+, C+) is included in113

the set (0, T0)× (0, K)× (0, ε
δ
T0).114

Remark 1. System (5) has at least one strictly positive solution if and only if
the following equation has at least one positive solution in the interval (0, T0):

f(T ) := A1

(
K

(
1− T

T0

))
+ A2

(
ε

δ

T

T + 1

)
− αT = a.

Hence, the necessary and sufficient condition for the existence of at least one115

strictly positive equilibrium state for system (3) is:116

a ∈ f((0, T0)) ∩ [0,∞). (6)

In other words, condition (6) is a necessary and sufficient condition for117

tourism sustainability, i.e. the tourism industry is maintained indefinitely118

without jeopardizing the environment [1]. In turn, this is characterized by119

the existence of a strictly positive attractor (T (t) > 0, E(t) > 0, C(t) > 0120

for any t > 0).121
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4. Stability analysis122

By linearizing the system (3) at the equilibrium an equilibrium point123

S? = (T ?, E?, C?), we obtain:124 
ẋ1(t) = a11x1(t) + a12x2(t) + a13x3(t),

ẋ2(t) = b21

∫ t

−∞
x1(s)h(t− s)ds+ a22x2(t) + a23x3(t),

ẋ3(t) = b31

∫ t

−∞
x1(s)h(t− s)ds+ a33x3(t),

(7)

where

a11 = −T ?
[
α +

C?

(T ? + 1)2
A′2

(
C?

T ? + 1

)]
+ A1(E?) + A2

(
C?

T ? + 1

)
− αT ? − a

a12 = T ?A′1(E?), a13 =
T ?

T ? + 1
A′2

(
C?

T ? + 1

)
, a22 = r

(
1− 2E?

K

)
− βC? − γT ?

a23 = −ηE?, a33 = −δ, b21 = −γE?, b31 = ε.

The associated characteristic equation of the linearized system (7) at an125

equilibrium state S? is:126

(z − a11)(z − a22)(z − a33) = H(z)(m1z +m0), (8)

where

m1 = a12b21 + a13b31, m0 = a12a23b31 − a13a22b31 − a12a33b21

and H(z) =
∫∞

0
e−zsh(s)ds represent the Laplace transforms of the delay127

kernel h.128

4.1. Stability analysis of the equilibrium S0 = (0, 0, 0)129

Computing the parameters defined above for (T ?, E?, C?) = (0, 0, 0), in
this case, the characteristic equation (8) simplifies to:

(z + a)(z − r)(z + δ) = 0.

Obviously, this equation has a positive real root z = r, and therefore, the130

equilibrium state S0 is unstable, regardless of the delay kernel h. The instabil-131

ity of the trivial equilibrium state S0 is a desired feature of the mathematical132

model, in accordance with the economic reality.133
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4.2. Stability analysis of the equilibrium S1 = (0, K, 0)134

Computing the parameters defined above for (T ?, E?, C?) = (0, K, 0), in
this case, the characteristic equation (8) simplifies to:

(z − A1(K) + a)(z + r)(z + δ) = 0.

Therefore, the equilibrium S1 is asymptotically stable if and only if A1(K) <135

a. In fact, taking into account the profitability and safety of the tourism136

industry policy, the instability of the equilibrium S1 is desired, therefore, we137

impose the following condition:138

A1(K) > a. (9)

This inequality can be naturally explained as it expresses the fact that the139

expected attractiveness of the site a is smaller than the attractiveness of the140

environment in the presence of all civil and industrial activities.141

4.3. Stability analysis of the equilibrium S2 = (T0, 0,
ε
δ
T0)142

The parameters of the characteristic equation become:

a11 = −T0

[
α +

ε

δ

T0

(T0 + 1)2
A′2

(
ε

δ

T0

T0 + 1

)]
, a13 =

T0

T0 + 1
A′2

(
ε

δ

T0

T0 + 1

)
a12 = T0A

′
1(0), a22 = 0, a23 = 0, a33 = −δ, b21 = 0, b31 = ε,

and hence, the characteristic equation (8) simplifies to:

z(z − a11)(z + δ) = a13εzH(z).

Notice that z = 0 is a root of the characteristic equation, therefore S2 is not143

asymptotically stable. As for the previous two equilibria, the instability of the144

equilibrium S2 is in accordance with the compatibility of the environmental145

policy, as the complete degradation of the environment should be avoided.146

Let us consider the function

∆(z) = (z − a11)(z + δ)− a13εH(z).

As ∆(0) = −a11δ − a13ε and ∆(∞) = ∞, a sufficient condition for the
existence of a positive real root of the function ∆ (and the characteristic
equation given above) is:

−a11δ − a13ε < 0.
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It can be easily seen that in the non-delayed case (i.e. H(z) = 1, for any147

z ∈ C) this condition is a necessary and sufficient condition for the instability148

of the equilibrium S2 (from the Routh-Hurwitz stability criterion).149

In what follows, to guarantee the instability of the equilibrium S2, for any150

delay kernel h, we will therefore assume that the above inequality is fulfilled,151

which can be equivalently expressed as:152

α(T0 + 1)2 <
ε

δ
A′2

(
ε

δ

T0

T0 + 1

)
. (10)

4.4. Stability analysis of a positive equilibrium153

In the case of a strictly positive equilibrium S+, the parameters of the
characteristic equation become:

a11 = −T+

[
α +

C+

(T+ + 1)2
A′2

(
C+

T+ + 1

)]
< 0, a12 = T+A′1(E+) > 0

a13 =
T+

T+ + 1
A′2

(
C+

T+ + 1

)
> 0, a22 = −rE

+

K
< 0

a23 = −βE+ < 0, a33 = −δ < 0, b21 = −γE+ < 0, b31 = ε > 0.

We further denote:
s1 = −(a11 + a22 + a33) > 0

s2 = a11a22 + a22a33 + a11a33 > 0

s3 = −a11a22a33 > 0

From a simple application of the Routh-Hurwitz stability criterion, in the154

non-delayed case, we have:155

Proposition 2. In the non-delayed case, the positive equilibrium S+ is asymp-
totically stable if and only if the following inequalities hold:

(I1) : 0 < s3 −m0 < s1(s2 −m1)

Proof. In the non-delayed case, the characteristic equation becomes:

z3 + s1z
2 + (s2 −m1)z + s3 −m0 = 0.

The conclusion follows from the Routh-Hurwitz stability criterion.156
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Delay independent sufficient conditions for the local asymptotic stability157

of the equilibrium point S+ are given by:158

Proposition 3. For any delay kernel h, if the following inequality is satisfied:

(I2) : |a12a23b31|+ |a13a22b31|+ |a12a33b21| < s3

then the equilibrium point S+ of system (3) is locally asymptotically stable.159

Proof. The characteristic equation (8) is

ϕ1(z) = ϕ2(z),

where ϕ1 and ϕ2 are holomorphic functions in the right half-plane, defined
by:

ϕ1(z) = (z − a11)(z − a22)(z − a33),

ϕ2(z) = H(z) [a12a23b31 + a13b31(z − a22) + a12b21(z − a33)] .

Let z ∈ C with <(z) ≥ 0. From the delay kernel’s properties (4), it follows
that |H(z)| ≤ 1 and hence, we have:

|ϕ2(z)| ≤ |H(z)| [|a12a23b31|+ |a13b31||z − a22|+ |a12b21||z − a33|]

≤ |z − a22||z − a33|
(

|a12a23b31|
|z − a22||z − a33|

+
|a13b31|
|z − a33|

+
|a12b21|
|z − a22|

)
≤ |z − a22||z − a33|

(
|a12a23b31|
|a22||a33|

+
|a13b31|
|a33|

+
|a12b21|
|a22|

)
< |a11||z − a22||z − a33|
≤ |z − a11||z − a22||z − a33| = |ϕ1(z)|.

In conclusion, the inequality |ϕ2(z)| < |ϕ1(z)| is true for any z ∈ C, <(z) ≥ 0.160

A simple application of Rouché’s theorem shows that the equilibrium S+ is161

asymptotically stable.162

Remark 2. For any delay kernel h, the inequality

(I2) : |a12a23b31|+ |a13a22b31|+ |a12a33b21| ≥ s3

is a necessary condition for the occurrence of bifurcations in a neighborhood163

of the equilibrium S+.164
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5. Hopf bifurcation analysis165

The characteristic equation (8) can be rewritten equivalently as:

H(z) = Q(z),

where

Q(z) =
(z − a11)(z − a22)(z − a33)

m1z +m0

.

Lemma 1. The function

ω 7→ |Q(iω)| =

√
(ω2 + a2

11)(ω2 + a2
22)(ω2 + a2

33)

m2
1ω

2 +m2
0

is strictly increasing on [0,∞) if and only if the following inequality is satis-
fied:

(I3) : |m0|

√
1

a2
11

+
1

a2
22

+
1

a2
33

> |m1|.

If inequality (I3) holds, the equation

|Q(iω)| = 1

has a unique positive real root ω0 if and only if

(I4) : |m0| > s3.

Moreover, the following inequality holds:

=
(
Q′(iω)

Q(iω)

)
> 0 ∀ω < 0.

Proof. Denoting ρ =
m2

0

m2
1

> 0 and

f(x) =
x+ ρ

(x+ a2
11)(x+ a2

22)(x+ a2
33)

we obtain

f ′(x) = − 2x3 + c2x
2 + c1x+ c0

(x+ a2
11)2(x+ a2

22)2(x+ a2
33)2
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where 
c2 = 3ρ+ a2

11 + a2
22 + a2

33 > 0,

c1 = 2ρ(a2
11 + a2

22 + a2
33) > 0,

c0 = ρ(a2
11a

2
22 + a2

22a
2
33 + a2

11a
2
33)− a2

11a
2
22a

2
33.

It follows that f ′(x) < 0 for any x > 0 if and only if c0 > 0, which is166

equivalent to inequality (I3).167

It is easy to see that ω 7→ |Q(iω)| approaches ∞ as ω → ∞. Therefore,168

if (I3) holds, the equation |Q(iω)| = 1 has a unique solution if and only if169

|Q(0)| < 1 which is equivalent to |m0| > s3.170

As in [28], we compute:

d

dω
|Q(iω)|2 = −2|Q(iω)|2=

(
Q′(iω)

Q(iω)

)
.

As ω 7→ |Q(iω)|2 is strictly increasing on (0,∞), its derivative is strictly171

positive, and hence, =
(
Q′(iω)

Q(iω)

)
< 0, for any ω > 0.172

Remark 3. It is easy to see that inequality (I4) implies inequality (I2). In-
deed, taking into account the signs of the coefficients, inequality (I2) can be
rewritten as

2a12a13a22a23b
2
31 ≥ s2

3 −m2
0.

If (I4) holds, the right hand side is negative, while the term from the left hand173

side is positive, so (I2) is verified.174

As in [28], the following results are obtained:175

Theorem 1 (Hopf bifurcations in the case of Dirac kernel).176

Let us consider system (3) with a Dirac kernel h(t) = δ(t− τ), correspon-177

ding to a discrete time delay τ . Assume that inequalities (I1), (I3) and (I4)178

are satisfied. The equilibrium point S+ is asymptotically stable if any only if179

τ ∈ [0, τ ?0 ), where180

τ ?0 =
arccos [<(Q(iω0))]

ω0

, (11)

with ω0 > 0 denoting the positive root of the equation |Q(iω)| = 1 given181

by Lemma 1. At the critical value τ = τ ?0 , system (3) undergoes a Hopf182

bifurcation at the equilibrium point S+.183
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Theorem 2 (Hopf bifurcations in the case of p-Gamma kernel).184

Let us consider system (3) with a p-Gamma kernel h(t) =
(
p
τ

)p tp−1

Γ(p)
e−

p
τ
t,185

with the average time delay τ . Assume that inequalities (I1), (I3) and (I4)186

are satisfied and let ωp denote the largest real root of the equation187

Tp

(
1

|Q(iω)|1/p

)
=
<(Q(iω))

|Q(iω)|
(12)

from the interval (0, ω0), where Tp is the Chebyshev polynomial of the first188

kind of order p and ω0 > 0 is given by Lemma 1.189

The equilibrium point S+ is asymptotically stable if any only if τ ∈ [0, τ ?p ),190

where191

τ ?p =
p

ωp

√
|Q(iωp)|2/p − 1. (13)

At the critical value τ = τ ?p , system (3) undergoes a Hopf bifurcation at the192

equilibrium point S+.193

6. Numerical results and discussion194

For the numerical simulations, the same parameter values have been cho-195

sen as in [1]: r = α = η = γ = ϕc = K = 1; δ = 0.1; ϕe = 0.5; µ1 = µ2 = 10,196

n1 = n2 = 1.197

6.1. Influence of investment rate ε and delay kernel h on the stability of the198

positive equilibrium199

As a first step, we fix the competition parameter value at a = 6, and200

we numerically investigate the stability region of the positive equilibrium201

S+ with respect to the investment rate ε and average time delay τ . It is202

important to emphasize that in this case, the positive equilibrium depends203

on ε. Inequality (I1), which guarantees the asymptotic stability of S+ in the204

absence of time delay, is satisfied if and only if ε ∈ (0, 0.46).205

In Fig. 1, the stability region in the (ε, τ)-parameter plane is represented,206

for different types of delay kernels: p-Gamma kernels with p ∈ {1, 2, 3, 5, 10}207

and Dirac kernel. In Fig. 2 all these stability regions are plotted together,208

for comparison purposes. It is clear that the smallest/largest stability region209

is obtained for the Dirac kernel/weak Gamma kernel (p = 1), respectively.210

We can also notice that as the parameter p of the Gamma kernel increases,211

the stability region approaches the one corresponding to the limiting Dirac212

case.213
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In all Figs. 1 and 2, the thick curves represent the Hopf bifurcation214

curves, i.e. the critical values τ ?p = τ ?p (ε) given by Theorems 1 and 2 which215

lead to the loss of asymptotic stability of the positive equilibrium and the216

appearance of a limit cycle in a neighborhood of S+.217

We observe that for small values of the parameter p ≤ 4 of the Gamma218

kernel, the stability region in the (ε, τ)-parameter plane is unbounded, i.e.219

for sufficiently small values of ε, the corresponding positive equilibrium S+220

will be asymptotically stable, for any τ ≥ 0. On the other hand, for a221

Gamma kernel with p ≥ 5 or for the Dirac kernel, the stability region in the222

(ε, τ)-parameter plane is bounded.223

Moreover, larger values of the investment rate ε ∈ (0, 0.46) trigger de-224

creasing critical values τ ?p (ε), regardless on the choice of the delay kernel.225

In accordance with the profitability and sustainability of the tourism policy,226

when the asymptotic stability of the positive equilibrium S+ is desired, a227

higher investment rate should be correlated with the number of tourists from228

a recent past.229
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Figure 1: Stability regions in the (ε, τ)-plane for fixed competition parameter a = 6 and
different types of delay kernels.

15



0.0 0.1 0.2 0.3 0.4
0

1

2

3

4

5

6

7

ϵ (investment rate)

τ
(m
ea
n
de
la
y)

Stability region for diverse delay kernels

Figure 2: Stability regions in the (ε, τ)-plane for fixed competition parameter a = 6 and
different types of delay kernels.

6.2. Influence of competition parameter a and delay kernel h on the stability230

of the positive equilibrium231

As a second step, we fix the investment rate value at ε = 0.25, and232

we numerically investigate the stability region of the positive equilibrium233

S+ with respect to the competition parameter a and average time delay τ .234

In this case, the positive equilibrium depends on a. Inequality (I1), which235

guarantees the asymptotic stability of S+ in the absence of time delay, is236

satisfied if and only if a ∈ (4, 6.66).237

For different types of delay kernels: p-Gamma kernels with p ∈ {1, 2, 3, 5, 10}238

and Dirac kernel, the stability region in the (a, τ)-parameter plane is repre-239

sented in Fig. 3, while all these stability regions are displayed together in240

Fig. 2, for comparison. As in the previous scenario, the smallest/largest241

stability region is obtained for the Dirac kernel/weak Gamma kernel (p = 1),242

respectively. We can also notice that as the parameter p of the Gamma ker-243

nel increases, the stability region approaches the one corresponding to the244

limiting Dirac case.245

Again, the thick curves in all Figs. 1 and 2 represent the Hopf bifurcation246

curves, i.e. the critical values τ ?p = τ ?p (a) given by Theorems 1 and 2 which247

lead to the loss of asymptotic stability of the positive equilibrium and the248

appearance of a limit cycle in a neighborhood of S+.249

We observe that only in the case of a weak Gamma kernel (p = 1) the250

stability region in the (a, τ)-parameter plane is unbounded, i.e. for suffi-251

ciently large values of a, the corresponding positive equilibrium S+ will be252

asymptotically stable, for any τ ≥ 0. Otherwise, the stability region in the253
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(a, τ)-parameter plane is bounded for a Gamma kernel with p ≥ 2 or for the254

Dirac kernel.255

Larger values of the competition parameter a ∈ (4, 6.66) give rise to256

increasing critical values τ ?p (a), regardless on the choice of the delay kernel.257
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Figure 3: Stability regions in the (a, τ)-plane for fixed investment rate ε = 0.25 and
different types of delay kernels.

6.3. Simulation results258

Now we consider fixed values for both investment rate ε = 0.25 and com-
petition parameter a = 6. The coordinates of the unique positive equilibrium
are

S+ = (T+, E+, C+) = (0.2214, 0.2249, 0.553641).

If there is no delay, as the inequality (I1) is satisfied, it follows that S+259

is asymptotically stable. In the presence of time delay, the critical values of260

the average time delay for the occurrence of a Hopf bifurcation provided by261

Theorems 1 and 2 are as follows:262

• for a discrete time delay: τ ?0 = 1.96257 ;263

• for a strong Gamma kernel: τ ?2 = 2.7243.264
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Figure 4: Stability regions in the (a, τ)-plane for fixed investment rate ε = 0.25 and
different types of delay kernels.

In each of these cases, S+ is asymptotically stable for τ ∈ (0, τ ?j ) (where265

j ∈ {0, 2}) and unstable for τ > τ ?j . At the critical value τ = τ ?j a Hopf266

bifurcation takes place at the positive equilibrium S+, resulting in the ap-267

pearance of a stable limit cycle in a neighborhood of S+, as shown in Figs.268

7. Conclusions269

In the present paper, we improve the existing minimal model of a generic270

touristic site in line with real life situation by including distributed time de-271

lay and studying the effect of past tourists on the number of present visitors,272

environment and capital flow. Three variables are considered: the number of273

tourists, the quality of the natural environment and the capital flow under-274

stood as the structures for the tourists activities. We conduct an asymptotic275

stability and bifurcation analysis for obtaining information about the quali-276

tative behavior of the dynamical system.277

First, we showed that the mathematical model has positive solutions for278

positive initial states, and we determine four equilibrium points. Sufficient279

conditions in terms of the system parameters are explored, which guarantee280

that the equilibrium states with at least one null component are unstable.281

The sustainable equilibrium, with strictly positive components, is the most282

important to be analyzed.283

On one hand, sufficient conditions are obtained that lead to the asymp-284

totic stability of the positive equilibrium, regardless of the choice of the delay285

kernel, which is equivalent to tourism sustainability, i.e. the tourism industry286
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Figure 5: Evolution of the state variables T (t), E(t), C(t) in the case of a discrete time
delay τ = 1.8 (left) and τ = 2.1 (right), choosing an initial condition in a neighborhood of
the positive equilibrium S+. For τ < τ?0 = 1.96257, the positive equilibrium S+ is asymp-
totically stable (left). At τ = τ?0 a supercritical Hopf bifurcation takes place which results
in the appearance of a stable limit cycle in a neighborhood of the positive equilibrium S+

for τ > τ?0 (right).
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Figure 6: Trajectories in the phase planes (T,C) and (T,E) respectively, in the case of a
discrete time delay τ = 2.1, choosing an initial condition in a neighborhood of the positive
equilibrium S+, which is unstable. At τ = τ?0 = 1.96257 a supercritical Hopf bifurcation
takes place which results in the appearance of a stable limit cycle in a neighborhood of
the positive equilibrium S+ for τ > τ?0 .
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Figure 7: Evolution of the state variables T (t), E(t), C(t) in the case of a strong Gamma
delay kernel with average delay τ = 2.2 (left) and τ = 2.75 (right), choosing an initial con-
dition in a neighborhood of the positive equilibrium S+. For τ < τ?2 = 2.7243, the positive
equilibrium S+ is asymptotically stable (left). At τ = τ?2 a supercritical Hopf bifurcation
takes place which results in the appearance of a stable limit cycle in a neighborhood of
the positive equilibrium S+ for τ > τ?2 (right).
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Figure 8: Trajectories in the phase planes (T,C) and (T,E) respectively, in the case of a
strong Gamma delay kernel with average delay τ = 2.75, choosing an initial condition in
a neighborhood of the positive equilibrium S+, which is unstable. At τ = τ?2 = 2.7243 a
supercritical Hopf bifurcation takes place which results in the appearance of a stable limit
cycle in a neighborhood of the positive equilibrium S+ for τ > τ?p .
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is maintained indefinitely without jeopardizing the environment.287

On the other hand, choosing the average time-delay of the distributed de-288

lay kernel as the bifurcation parameter, it is shown that if suitable conditions289

on the system parameters are fulfilled, the presence of time-delay causes peri-290

odic oscillations in a neighborhood of the positive equilibrium. This periodic291

behavior is due to a Hopf bifurcation which also causes the loss of asymptotic292

stability of the positive equilibrium. For both Dirac and a general Gamma293

kernel, an exact formula is determined for the critical value of the average294

time delay which triggers a Hopf bifurcation at the positive equilibrium. Our295

analysis can be used to developed long term policies for a generic touristic296

site.297

Numerical simulations have been presented, where the influence of the298

investment rate and competition parameter on the qualitative behavior of299

the system in a neighborhood of the positive equilibrium is discussed, with300

respect to the effect of the chosen delay kernel and its average time delay.301

The onset of oscillatory behavior is also exemplified, suggesting that at the302

critical value of the average time delay which is determined theoretically, a303

supercritical Hopf bifurcation takes place.304

Different approaches of this minimal model including environmental per-305

turbations can be modeled by stochastic terms [29] and will be developed as306

future research.307
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