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1 Introduction

work in progress

2 Uniform exponential dichotomy of discrete systems

For the sake of clarity we begin with several basic notations and definitions.

Indeed, let X be a real or a complex Banach space and let I; be the identity
operator on X. The norm on X and on B(X) - the space of all bounded linear
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operators on X - will be denoted by || - ||. Throughout this paper R will denote the
set of real numbers and R the set of positive real numbers. We denote by Z the
set of real integers and by ¢<(Z,X) the space of all bounded sequences s : Z — X,
which is a Banach space with respect to the norm

[Isl]e := sup|s(n)]].

neN
Let {A(n)},ecz C B(X). We consider the discrete nonautonomous system
(A) x(n+1)=A(n)x(n), neZ.

Let A= {(m,n) € Z x Z: m > n}. The discrete evolution family associated to (A)
is @4 = {Pa(m,n)}(n)ea given by

Am—1)...A(n), m>n
I, m=n '

®(m.n) = {

Remark 1 &4 = {®4(m,n)}(,, n)ea satisfies the evolution property
(bA(m?j)cI)A(j)n):q)A(m’n)’ V(m,]),(],n) €A.

Moreover, the system has uniformly bounded coefficients, i.e. sup,cy |[|A(n)|| < e
if and only if @4 has a uniform exponential growth, i.e. there is @ € R such that

[@a(m,n)|| <e®™, Y(m,n) € A.

We recall that an operator P € B(X) is a projection if P> = P. Then RangeP
and KerP are closed linear subspaces and X = RangeP & KerP.

Definition 1 We say that the system (A) has a uniform exponential dichotomy if
there exist a family of projections {P(n) },cz and two constants N > 1,v > 0 such
that the following properties hold:

(i) A(n)P(n)=P(n+1)A(n), foralln € Z;
(ii) ||®a(m,n)x|| < Ne= V=) |x||, for all x € Range P(n) and all (m,n) € A;

(iii)  ||@a(m,n)y|| > & )|y

, for all y € Ker P(n) and all (m,n) € A;

(iv) for every n € Z, the restriction A(n)| : KerP(n) — KerP(n+ 1) is an iso-
morphism.
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Remark 2 From Definition 1 (i) it immediately follows that if (A) has a uniform
exponential dichotomy with respect to the family of projections {P(n)},cz, then
Dy (m,n)P(n) = P(m)®4(m,n), for all (m,n) € A.

We associate to the system (A) the input-output system
(Sa) Y(n+1) =A(n)y(n) +s(n+1), VnelZ
with s,y € 2(Z,X).

Definition 2 The pair ((*(Z,X),(*(Z,X)) is said to be admissible for the system
(Sa) if for every s € £=°(Z,X) there exists a unique y € £*(Z,X) such that the pair
(7,s) satisfies the system (S4).

The connections between the existence of the uniform exponential dichotomy
and various admissibility properties with pairs of sequence spaces were established
in [4]. There we discussed the axiomatic structures of the sequence spaces that can
be considered in the admissible pair as input space and also as output space. As a
consequence of the main result in [4], we deduce the following:

Theorem 1 The following assertions are equivalent:

(i) if the pair (0*(Z,X),0>(Z,X)) is admissible for the system (Sa), then the
system (A) has a uniform exponential dichotomy;

(ii) if sup,cy ||A(n)|| < oo, then the system (A) has a uniform exponential di-
chotomy if and only if the pair (¢*(Z,X),¢(Z,X)) is admissible for (Sa).

Proof. This follows from Corollary 3.5 in [4] for W(Z,X) = (*(Z,X). O

Remark 3 We note that the criteria (ii) was obtained in [2] (see Theorem 2.3),
employing a different technique (see Section 2 in [2]). Using distinct arguments,
(ii) was also proved by Henry in [1], using Green functions.

For every n € Z we consider the linear space
FZ,X) :={ocl(Z,X): k) =Ak—1)p(k—1), Vk<n}.

In certain conditions, the projections for uniform exponential dichotomy on the
whole line are uniformly bounded (see Proposition 2.1 in [2]), uniquely determined
and their structures can be expressed in various equivalent forms (see e.g. Propo-
sition 2.2 in [2] and also the proof of Theorem 2.3 (i) [3]). A natural approach to
the properties of the family of projections for a uniform exponential dichotomy on
the whole line will be presented in what follows.
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Theorem 2 (The structure theorem) If the discrete system (A) has a uniform ex-
ponential dichotomy with respect to the family of projections {P(n)},cz and uni-
formly bounded coefficients, then:

(i) sup||P(n)[| < oo
nez

(ii) Range P(n) = {x € X : sup,,>, ||®a(m,n)x|| < eo};
(iii) Ker P(n) ={x € X : there exists ¢ € F,(Z,X) with ¢(n) = x}.

Proof. Let N > 1,v > 0 be two constants given by Definition 1. According to
our hypothesis, there is K > 0 such that

IA@)|| <K, VneL. (1)
From (1) it follows that
[|®a(m,n)|| < K™", ¥(m,n)€A. 2)

(i) Let & € N* be such that
eV > N2

Let n € Z and let x € X. From Definition 1 (ii1), (ii) and relation (2) we succes-
sively have that

SeMI(1— ()] < [a(n ) (1~ P(m)e] <

< ||@a(n+hyn)x]| + [|@a(n+h,n)P(n)x]| < K"||x|| +Ne™""[[P(n)x]| <
< (K" +N) ||| +Ne™*"||(1 = P(n) )]

which implies that

2V N2 i
—wovi NI = Pm)x]| < (K +N)||x]]. 3)
Denoting by
5. (K" +N)Ne""
T T R2Vh_ N2

we have that 6 > 0. In addition, from (3) we deduce that

[|(7 = P(n))x|| < & [I]]-
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Since (n,x) € Z x X were arbitrary and § doesn’t depend on n or x, we obtain that
[|(I—=P(n))x|| <6 [x]|, VxeX,vneN.

This implies that
[1—P@)|| <8, vneN

which shows that
|[P(n)|| <148, VneN.

In what follows, we denote by L := sup||P(n)||.
neZ

(ii) Let n € Z. Obviously, Range P(n) C {x € X : sup,,~, ||®Pa(m,n)x|| < oo}.
Conversely, let x € X with a, := sup,,~, ||®a(m,n)x|| < eo. Then, from Definition
1 (iii) and (i) we successively have that

e (1 ()| < [[a(m, )1 — ()] =

=[|(I=P(m))®a(m,n)x|| < (14+L)ot,, Ym>n

which implies that
(I —P(n)x|| < (1 +L)oaeNe "™ Ym > n. 4)

For m — oo in (4) we obtain that x = P(n)x, so x € RangeP(n).

(iii) Let n € Z. We consider the subspace Q(n) := {x € X : thereis ¢ €
Fu(Z,X) with ¢(n) = x}.

Let x € KerP(n). From Definition 1 (iv) we deduce that @4 (m,n), : KerP(n) —

KerP(m) is invertible, for all m > n, and we denote by P4 (m, n)l’1 its inverse. We
consider the sequence

0, k>n+1
0:Z—X, ok = X, k=n

CIDA(n,k)‘*lx, k<n—1

Using Definitionl (iii) we deduce that
lo(k)|| < Ne " |x||, Vk <n.

In particular, this shows that @ € ¢(Z,X). Moreover, an easy computation shows
that
ok)=Ak—1)ok—1), Yk<n
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s0 ¢ € F,(Z,X). This shows that x € Q(n). Thus, we have that KerP(n) C Q(n).

Conversely, let x € Q(n). Then there is § € F,(Z,X) with 6(n) = x. We
successively have that

||P(n)x]| = [[P(n)S (n)|| = [|P(n)®Pa(n, k) S (K)|| = [|Pa(n, k) P(k) 8 (K)[| <

< Ne V"R |P(k)S(k)|| < LN||8||w e "0, vk <n. (5)

For k — —eo in (5) we have that P(n)x = 0, so x € KerP(n). We obtain that Q(n) C
KerP(n) and the proof is complete. O

3 Exponential dichotomy of nonautonomous systems

Let X be a real or complex Banach space and let /; be the identity operator on X.
First, we briefly recall some definitions, notations and basic properties.

Definition 3 A family % = {U(t,s) };>s C B(X) is called an evolution family if
the following properties hold:

(i) Ul(t,t) =1y, forallt € R;
() U(t,t)U(t,s)=Ul(t,s), forallt > 1 >s;

(iii) there exist M > 1, > 0 such that ||U(z,s)|| < Me® %), forall t > s.

Definition 4 We say that an evolution family % = {U(¢t,s)},>s has a uniform
exponential dichotomy if there exist a family of projections {P(f)},cr and two
constants N > 1, v > 0 such that the following properties are satisfied:

(i) U(t,s)P(s)=P(t)U(t,s), forall t > s;
(i) [|U(t,5)x]] < Ne=V=9)||x||, for all x € RangeP(s) and all ¢ > s;

i) [[U(t,s)y]| > LeV ]|y

, for all y € KerP(s) and all ¢ > s;

(iv) for every t > s, the restriction U(t,s)| : KerP(s) — KerP(t) is an isomor-
phism.

Let 2 = {U(t,s)}:>s be an evolution family on X. We associate to % the
discrete nonautonomous system

(Ay) x(n+1)=U(n+1,n)x(n), VneZ.
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Remark 4 The discrete evolution family associated to the discrete system (A, ) is
Dy = { Py (m,n) } (1n,n)ca, Where
@y (m,n) =U(m,n), ¥Y(m,n)€A.
Then, from Definition 3 (iii) we have that
lU(n+1,n)|| < Me®, VnelZ.
This shows that the system (A ) has uniformly bounded coefficients.
We associate to (A4 ) the input-output system
(S%) y(n+1)=U(n+1,n)y(n)+s(n+1), VnelZ

with s,y € (°(Z,X).

For every ¢ty € R we consider the linear subspace

Fio (R X):={f:R—X:sup||f(t)|| <eoand f(r) =U(t,s)f(s), forall s <z <ty}
teR

‘We also consider

S(ty) :={x € X : sup||U(¢,19)x|| < oo}

1219
called the stable subspace at the moment ¢y and
U(tg) :={x € X : thereis f € F;, (R, X) with f(19) = x}

called the unstable subspace at the moment t.
Remark 5 If f € &, (R,X), then f(r) € U(¢), for all # < 1.
Lemmal Lett,tg € R witht > ty. Then:

(i) Ul(t,10)8(10) C 8(2);

(ii) U(t,t0)U(tp) = U(2).

The first main result is:

Theorem 3 If the system (Ag, ) has a uniform exponential dichotomy with respect
to the family of projections {P(n) }ncz, then:
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(i) Range P(n) =8(n), foralln € Z;
(ii)) Ker P(n) =U(n), foralln € Z;
(iii) there are two constants L,v > 0 such that:

(a) ||U(t,10)x|| < Le=v=)||x||, for all x € 8(ty) and all t > to;
(0) U (t0)yl| = 1 €"C||yll, for all y € U(to) and all 1 > 1o;

(iv)  the restriction U(t,t)| : UW(to) — U(¢) is an isomorphism, for all t > t.
Proof. Let M > 1 and @ > 0 be such that
U (t,9)|] < Me®™) | Vi >s. (6)

Let N > 1,v > 0 be the dichotomy constants given by Definition 1 for (A4 ). We
denote by
L:= NM?@0tY), (7)

(i) For every n € Z we consider the subspace

Xi(n) ={x € X :sup||U(m,n)x|| < eo}.
m>n

From Theorem 2 and Remark 4 we have that
Range P(n) = X;(n), VnecZ. (8)

Let n € Z. Obviously 8(n) C X;(n).

Conversely, let x € X;(n) and let 8, = sup,,,~, ||U(m,n)x||. Then, using rela-
tion (6) we deduce that

U@ n)x|| < U@ EDIHIU ([, n)x]| < M8, Vi=n

which implies that x € 8(n).
It follows that X (n) = 8(n). From (8) we obtain that

Range P(n) = 8(n), VneZ.
(i) For every n € Z we consider the subspace
Xo(n) ={x € X : there exists ¢ € {*(Z,X) with ¢(n) =x

and (k) = U(k,k— 1)p(k—1), Vk<n).
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From Theorem 2 and Remark 4 we have that
Ker P(n) =X(n), VneZ. 9)

We easily observe that U(n) C X»(n). Conversely, let x € X»(n). Then, there exists
¢ € (*(Z,X) with ¢(n) = x and

(k) =U(kk—1)o(k—1), Vk<n. (10)
We consider the function
fR=X, f)=U Do)
Then sup, g ||£(1)]| < e. Moreover, from (10) we deduce that
f@O) =0 e(r]) =U @, NUl, [she(ls) =U(t,5)f(s), Vs<t<n.

This shows that f € F,(R,X). Since f(n) = x it follows that x € U(n). So Xa(n) C
U(n).
It follows that X;(n) = U(n). Using (9) we deduce that

Ker P(n) =U(n), VnecZ.

(iii) Letro € R.

(a) Letx € 8(fp). Lets > [to] + 1. Using Lemma 1 and (ii) we have that U ([to] +
1,70)x € 8([to] + 1) = Range P([to] + 1). Using the asymptotic behavior of (A )
on {Range P(n)},cz, the connections given by (i) and relation (6), we successively
have that

[1U([t], o)l = [JU([t], [t0] + 1)U ([t0] + L, t0)x]| < Ne ™" U100 15 (1] 41,10 <

< NMe® T2V e=vi=h)| x|, (11)
Then, from (6), (7) and (11), we deduce that

U (tst0)xl| < U@ IDIHIU (), t0)x]] < Le™ 0| 1xdl, - Ve =[] 1. (12)
In addition, from (6) we have that
U (2,10)x|| < Me®||x]] < Le ") |x]|, V1 € [to, [to] + 1] (13)
Finally, from (12) and (13) we obtain that

U (2,t0)x|| < Le YU =)||x]|,  Vx € 8(t0), Y > to.
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(b) Let y € U(fp). Then there exists f € F, (R, X) with f(1gp) =y. Let z =
f([to]). Since f € F,,(R,X) we have that

y = f(to) = U0, [t0]) f ([to]) = U1, [t0])z
and using (6) it follows that
Iyl < Me®||z]]. (14)

Since f € F;,(R,X) we have in particular that f € F(R,X). Based on (ii), this
implies that y = f([to]) € U([to]) = KerP([to)).

Let t > tp. Using the asymptotic behavior of (A% ) on {Ker P(n)},cz and
relation (14), we successively deduce that

1 _
U (el + a0yl = [JU([e] + 1, o] )2l | = Nev(m“ Djz]] >

> lev(tfto)”ZH >

In addition, using relation (6) we have that
U ([f] + Lt0)y[| < Me®||U(t,10)y]]- (16)

Then, from relations (15) and (16) we successively deduce that

1
U@yl = 35U ([ + 1 o)yl =

| B 1.
> Wev(’ ly]| > Zev(’ )|yl
It follows that
1 v(t—19)
[|U(t,10)y]| > e yll, Yy eUlto),Vt > 1. (17)

(iii) Let # > #p. From Lemma 1 we have that U(t,1)| : U(to) — U(¢) is sur-
jective. Moreover, from relation (17) we deduce that it is also injective, so the
restriction U (¢,1), is an isomorphism. O

Theorem 4 If the discrete system (A ) admits a uniform exponential dichotomy,
then:

(i) 8(to) NU(to) = {0}

(ii) S(to) is a closed linear subspace, for all ty € R;
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(iii) U(to) is a closed linear subspace, for all ty € R.

Proof. Let L,v > 0 be given by Theorem 3 (iii).

(i) Let 1o € R and let x € 8(#p) N U(#p). Then, from Theorem 3 (iii) (a) and (b)
we obtain that

1
et 0| < (U t0)xl| < Le™ ], e > o

which implies that
|lx[| < L2 2YU=0)||x||, ¥t > 1. (18)

For t — oo in (18) we have that x = 0. So 8(7) NU(ty) = {0}.

(ii) Let 7o € R. Let (x,) C 8(tp) with x, —x. From Theorem 3 (iii) (a) we
n—oo
obtain that
U (t10)%a]| < Le™ 7| |x,|,  ¥n € NVt > 1. (19)

For n — o0 in (19) we deduce that
U (2,80)x]| < Le V) ||x]|, Vi >10. (20)

From (20) in particular it follows that x € 8(#y). This shows that S(y) is closed.

(iii) Let rp € R. Let (y,) C U(tp) with Yn =Y. For every n € N let f, €
n—oo

F, (R, X) with f,(f0) = y,. From Remark 5 we have that f,(r) € U(z), for all r <1y
and n € N. Then, from Theorem 3 (iii) (b) we have that

[0 = yml| = [[fa(t0) = fn(t0)[| = U (t0,8) (fa(t) = S ()| =

1
> 2" O fo(0) = fu(@)ll, Yrm € NVE <o, @1

Relation (21) implies that for every ¢ < o the sequence (f,(¢)) is convergent. We
define
Y I>1

fiR=X, f(f)Z{ lim f,(r), t<ty -

n—yoo

Using Theorem 3 (iii) (b) we have that

1 _
[yall = 11fa@0) 1] = [|U (10,2) fu(£)]| = zev(’O NN, VneNVe <. (22)
From relation (22) it follows that

@I < Lilyall,  Vrne N,V <i. (23)
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For n — oo in (23), we obtain that
O <Ll V<10
This shows that sup, || f(¢)|| < e°. In addition, from f, € ¥, (R,X) we have that
fa(t) =U(t,s)fu(s), Vs<t<ty,VneN. (24)
For n — oo in (24) it follows that
) =U(t,5)f(s), Vs<t<t.

This implies that f € F, (R, X), soy = f(to) € U(1). It follows that U(z) is closed
and the proof is complete. (|

The main aim of this section is to present the following:

Theorem 5 Let % = {U(t,s)};>s be an evolution family on X. Then U has a
uniform exponential dichotomy if and only if the discrete system (A, ) associated
to W has a uniform exponential dichotomy.

Proof. Necessity. From Definition 1, Definition 4 and Remark 4 it follows that
if 7/ has a uniform exponential dichotomy with respect to the family of projections
{P(t)};cr, then (A7) has a uniform exponential dichotomy with respect to the
family of projections {P(n)},cz.

Sufficiency. According to Theorem 4, we have that for every 79 € R the sub-
spaces 8(19) and U(#) are closed and

8(t0) NU(to) = {0}. (25)

Step 1. We prove that 8(tp) +U(7p) = X, for all 1 € R.
Let 7o € R. Let x € X and let & = [fp]. We consider the sequence

—U(h+1,t0)x, n=h+1

s:7Z—X, s(n):{ 0 nthil

Since the system (A ) has a uniform exponential dichotomy, from Remark 4 and
Theorem 1 (ii) we deduce that the pair (¢*(Z,X),¢*(Z,X)) is admissible for the
input-output system (S ). Then, there is y € ¢*(Z,X) such that the pair (7,s)
satisfies the system (S ). This implies that

y(h+1)=U(h+1,h)y(h) —U(h+1,19)x (26)
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and
Y(n+1)=Uln+1Ln)y(n), Yn>h+l. 27)

From (27) it follows that
y(n) =U(n,h+1)y(h+1), Vn>h+1. (28)
From (26) we have that
Y(h+1) =U(h+1,10)U (to,h)y(h) —U(h+1,19)x =

— U(h+1,10) [Ut0, 1) () —3]. (29)
Lety := U(to,h)y(h) — x. From (28) and (29) we obtain that

¥(n) =U(n,to)y, Vn>h+1. (30)
Let M > 1 and @ > 0 be such that
|U(t,5)]| < Me®"™), Vi >3s. (31)
Lett > h+ 1. Using relations (30) and (31) we deduce that
U (&, 00)y1| = U (&, [NU([t] 20)x]| < Me®||U([¢],20)x]| =
= Me®[[y([1])]| < Me®||7]]e. (32)
Ifr € [to,h+ 1) = [t9, [to] + 1), then we have that
U (t,10)y]] < Me®||y]l. (33)
From relations (32) and (33) it follows that sup,, [|U(¢,10)y|| < e, soy € 8(to).
Since 7y is the solution of (S ) corresponding to the input s we have that
y(n)=Um,n—1)y(n—1), VYn<h

which implies that
Y(n) =U(n, j)Y(j), Vj<n<h 34

We consider the function

fR=X, f() = U, [])y([)-

Then, using relation (34) we deduce that

f@) = U [)y(]) = U DU [, [d)v(le)) = U, [thr((e) =
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=U(t,1)f(1), VT<tr<h. (35)

In addition, from relation (31) it follows that
@I < Me®||7ll, VIER. (36)

From relations (35) and (36) we obtain that f € F,(R,X), so y(h) = f(h) € U(h).
From Lemma 1 (ii) it follows that z := U (to, h)y(h) € U(t).

Thus, we deduce that x = —y+ U (t9,h)y(h) = —y+z € 8(to) +U(tp). Finally,
taking into account that x € X and #y € R were arbitrary, it follows that

S(to) +U(to) =X, VipeR. (37)
Step 2. We prove that %/ has a uniform exponential dichotomy.
Using relations (25) and (37) we obtain that
X=8@)pU(r), VreR.

For every r € R, let P(¢) be the projection with Range P(t) = 8(¢) and Ker P(t) =
U(¢). Then, from Lemma 1 we immediately deduce that

U(t,s)P(s) =P)U(t,s), t>s.
Finally, from Theorem 3 (iii) and (iv) we obtain that %/ is uniformly exponentially

dichotomic. O

Remark 6 A different proof for Theorem 5 was given in [6] (see Corollary 4.1
in [6]). There, the result was obtained as a consequence of a more general pro-
perty regarding the equivalence between the uniform exponential trichotomy of an
evolution family % = {U (t,s) };>s and the uniform exponential trichotomy of the
associated discrete system (A4 ) (see Theorem 4.3 in [6]).

Remark 7 An equivalent result to that given in Theorem 5 was obtained in [2],
using a different approach (see Theorem 3.1 and Theorem 3.2 in [2]).

4 Applications

work in progress
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