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Abstract

The restricted partitions in which the largest part is less than or equal to
N and the number of parts is less than or equal to k were investigated
by George E. Andrews in his book [1]. In this project, we aim to extend
these partitions to the partitions into parts of two kinds. To this end, we
will explore the relationships between Gauss polynomials and symmetric

elemental polynomials to obtain new combinatorial identities.
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Chapter 1
Introduction

In the last year, we continued to study applications of mathematical analysis in number
theory and we obtained some nonnegative results related to Riemann’s zeta function
[5, 8, 19, 20, 23], Euler’s partition function [3, 7, 9, 18, 21, 22, 25], Lambert series
and important functions from multiplicative number theory [6, 16, 17, 24] (the M6bius
function p(n), Euler’s totient ¢(n), Jordan’s totient Jg(n), Liouville’s function A(n),
the von Mangoldt function A(n) and the divisor function o,(n)). We remark that
some of these results are already cited by S. Chern [10, 11], M.W. Coffey [12], S. Hu
and M.-S. Kim [13], and M.D. Schmidt [26, 27]. Our goal is to continue exploring
the applications of mathematical analysis in number theory to discover and prove new

results.

In number theory and combinatorics, a partition of a positive integer n is a non-
increasing sequence of positive integers whose sum is n. Two sums that differ only in
the order of their terms are considered the same partition. The number of partitions
of n is given by the partition function p(n). For example, p(4) = 5 because the five

partitions of 4 are:
4=3+1=24+2=2+1+1=14+1+1+1+1 (1.1)

The generating function for p(n) has the following infinite product form:

= a1
nzzop(n)q = G



where

(a:q) 1, for n =0,
a;q)n =
4 (1—a)(1—aq)(1—ag®)---(1—ag""), forn>0

is the g-shifted factorial and
(@ @)oo = 1im (a; q)n.

Because the infinite product (a; q)s diverges when a # 0 and |g| > 1, whenever (a; ¢)

appears in a formula, we shall assume that |g| < 1.

Partitions of an integer play an important role in the solutions of many combina-
torial problems and we refer the reader to [1, 2] for basic concepts in partition theory.
The function p(n) is often referred to as the number of unrestricted partitions of n, to
make clear that no restrictions are imposed upon the parts of n. A very interesting
part of the theory of partitions concerns restricted partitions. Restricted partitions are
partitions in which some kind of conditions is imposed upon the parts. A restricted
partition function gives the number of restricted partitions of n. This is the counterpart

of the unrestricted partition function p(n).

For any positive integers k, n and N, Andrews [1] examined the partitions of n into
at most k parts, each part less than or equal to N and remarked few results for the
partition function p(N,k,n) which denotes the number of these restricted partitions
(see for example [1, Eq. (3.2.6), Theorems 3.1 and 3.10]). The generating function of
p(N, k,n) is given by

Nk
[N+
ZOP(N,k,n)q :{ N }

m - [ZL - (q;qu;(g;) Z)n—k

are the g-binomial coefficients or the Gaussian polynomials. Whenever the base of a

where

g-binomial coefficient is just ¢ it will be omitted. These polynomials were first studied

by Gauss.



In this paper, motivated by these results, we invoke the Gaussian polynomials to
examine some properties of the restricted partitions into parts of two kinds. Some

classical Gaussian polynomial identities [2, pp. 71-74] as
u i [n 0, if n is odd

Z<_1) 1 c 2 if ni
= J (¢:9%)|ny2), ifnis even
or the g-analogues of Vandermonde’s convolution

m Y] [m—n

— o (m—n—k+j)j
BNt
]:

allow us to derive new formulas involving partition function p(N, k, n).



Chapter 2

A connection with restricted

partitions into distinct odd parts

We consider the partitions of n into distinct odd parts, each parts less than or equal
to N. The number of these partitions is denoted in this paper by Q,q(N,n). For

example, Qoqq(11,16) = 3 because the three partitions in question are:
114+5=9+7=7T+5+3+1.

We have the following result.

Theorem 2.1. For N,k,n > 0,

N . 0, if N is odd

Z(—l)”_ p(N —k,k,n) =

k=0 Qodd(Nv TL), ZfN is even.
Proof. Recall [14] that the kth elementary symmetric polynomial ey (xy, za,. .., z,) is
given by

er(ry, 9, ..., 1) = Z Ti\ Ty ... Ty, for k=1,2,...,n.
1<i1<i<...<ip<n

By convention, we set eo(z1,...,2,) = 1 and eg(xq,...,2,) =0 for k < 0 or k > n.

The elementary symmetric polynomials are characterized by the following identity of



formal power series in z:

n n

er(1, o,y ..., )27 = H(l + z1.2).
k=0 k=1

It is clear that, (—zq;q)y is the generating function for the elementary symmetric

functions of the numbers q, ¢, ...,¢", i.e.,
> eads o dV)F = (—2q ).
k=0

By this relation, with ¢ replaced by ¢ and z replaced by ¢~!, we obtain
N

(—xn = > el(ad ...,V

k=0
N

- Z Z gZ= D+ +(20=1)

k=0 1<i1<-<ix <N

N
= ZQodd(2N —1,n)q"

k=0
Due to Gauss [2, pp. 71-72, Theorem 10}, we have the following identity
N [N] 0, if N is odd

C\k
Z(l)k

k=0 (¢;¢%)|nj2), if N is even.

On the other hand, considering the generating function of p(V, k,n), we can write

N . N N N-k—k?
1 = p(N —k,k,n
NS> ; "
LN/2J2 N
= Y ) (V"N =k kn)q"
n=0 k=0
Thus we deduce
[N/2]? N
Z Z P(N —k,k,n)q"
n=0 k=0
0, it N is odd
= { [N/2)?
D (=1)"Qoaa(2|N/2) — 1,n)q", if N is even.
n=0
Equating the coefficients of ¢™ in this identity gives the result. O



Following the notation in Andrews’s book [1], we denote by Q(V, k,n) the number
of ways in which the integer n can be expressed as a sum of exactly k distinct positive
integers less than or equal to N, without regard to order. For example, the integer
n = 12 can be expressed as a sum of k£ = 3 distinct positive integers less than or equal

to N = 7 in the following five ways:
T+44+1=7T4+3+2=6+54+1=6+44+2=5+4+3.

Therefore we have Q(7,3,12) = 5.

Corollary 2.1. For N, k,n >0,

ZN:(_l)nkQ (N k.n+ (k+ 1)) _ 0, if N is odd
o B ? Qoaa(N,n), if N is even.

Proof. The proof follow easily from Theorem 2.1 considering a known relationship
between p(N, k,n) and Q(N, k,n):

Q(N, &, n) :p(N—k:,k:,n— (k;1)>

This identity has a simple combinatorial proof. We start from a partitions of n into
exactly k distinct parts, each part less than or equal to N. Then we subtract a staircase
of size k, i.e., subtract k to the largest part, £ — 1 to the second largest one, etc., and
1 to the smallest part. The result is a partition of n — k(k +1)/2 into at most k parts,
each part less than or equal to N — k. O



Chapter 3

Restricted partitions into parts of

two kinds

Assume there are positive integers of two kinds: a and a. We denote by p(Ny, No, k1, ko, )
the number of partitions of n into parts of two kinds with at most k; parts of the first
kind, each parts less than or equal to N; and at most ks parts of the second kind,
each parts less than or equal to N,. For example, p(3,2,2,1,4) = 6 because the six

partitions in question are:

3+1, 3+1, 242, 2+2, 24+1+1, 2+1+1.

Elementary techniques in the theory of partitions and [1, Theorem 3.10] give the fol-
lowing generating function for p(Ny, No, kq, ko, 1),

le;i_;v2k2p(N1,N2,kl,kg,n)q” - {Nlj\fl ’“1} [NQAZ ’“2} | (3.1)
The recurrence relations
e
and
PR AP R 53

for the Gaussian polynomials can be used to derive recurrence relations for the partition

function p(Ny, No, k1, ko, n).



Theorem 3.1. For Ny, No, ki, ko,n >0,

1. p(Ny, Na, ki, ko,n) — p(Ny — 1, No — 1, ky, ko,n — ky — ko)
—p(Ny — 1, No, ki, ko — 1,n — k1) — p(Ny, No — 1, k1 — 1, ko, n — ko)
—p(N1, No, k1 — 1,k — 1,n) = 0;

2. p(N1, No, k1, ka,n) — p(Ny — 1, No — 1, ky, ko, n)
—p(Ny — 1, No, k1, ko — 1,n — No) — p(Ny, No — 1, k1 — 1, ko, n — Ny)
—p(N1, Noy k1 — 1, ky — 1,n — Ny — Ny) = 0;

3. p(N1, No, k1, ko,n) — p(Ny — 1, Ng — 1, ky, ka,n — ky)
—p(Ny — 1, No, k1, ko — 1,n — kg — Ny) — p(Ny, No — 1, k1 — 1, ko, n)
—p(N1, No, k1 — 1, ks — 1,n — Ny) = 0.

Proof. By (3.2), we have

Ny + k| | Ny + ks
k1 ko

(g [
ky

Nithi =1 (o [V =1k
]{Il—l k2

Ny + ko —1
ko —1

:qk1+k2 Ny —1+k| [Ny—14+Fk —|—qk1 Ni—1+k | [Ny+ky—1
ky ko k1 ko — 1
+qk2 Ni+k =1 [Ny =14k Ny +k =1 [Ny+ky—1
ky —1 ks ky —1 ky — 1
This allows us to write
Nik1+N2ko
Z p(NhNQ?klakQan)qn
n=0

(lel)k‘1+(N271)k2
= P(N1 — 1, Ny — 1, ky, kg, n)g"F1 k2

3
Il
=)



(N1—1)k1+N2(k2—1)
+ Z p(Nl_17N27k17k2_17n)qn+k1

n=0

Nl(k1—1)+(N2—l)k2
+ Z P(Ny, Ny — 1, ky — 1, kg, ) g "

n=0

Ni(k1—1)+Na(k2—1)
+ Y BN Nayky — 1 ks — 1n)g"

n=0
The proof of the first relation follows equating the coefficient of ¢ in this identity.

Similarly, considering (3.3) we obtain the second recurrence relation. The last relation

follows combining (3.2) and (3.3). O

By these results, with k; or ko replaced by 0, we obtain [1, Eq. (3.2.6)]. The
following result is similar to [I, Theorem 3.10] and implies the self-reciprocal and
unimodal properties of the generating function of p(Ny, No, ki, ko, n). Recall that the

reciprocal f*(x) of a polynomial
flz)=ap+ a1z + -+ aza”

is defined by
fr(@) =a"f(z™h).
The polynomial f is called self-reciprocal if it coincides with its reciprocal, i.e., a; = a,_;

for each : = 0,2,...,n. The polynomial f is called unimodal if there exist m such that
a;—a;_1 =0 for 0<i<m

and
a; —a;1 <0 for m<i<<n.

Theorem 3.2. For all Ny, Ny, k,n > 0,

P(N1, No, ki, ko, n) = p(ki, Noy Nu, ko, n) = p(Ny, ko, ki, Noyn) = p(ky, ko, N1, No,n);
P(N1, N, ki, ko,n) = p(N1, Na, ki, ko, N1ky + Noko — n);
P(N1, Noy ki kayn) — p(Ny, Noy ki ke,n—1) >0 for 0 <n < (Niky + Naoks)/2.



Proof. The first equation follows from the fact that

N +k
N

is symmetric in N and k, i.e.,

N+ ki) [N+ ko] [k + N [N+ B
Nl N2 L kl i L N2 i
LR ARERA
- Nl - - k:2 -
R AT

k|| R |

To prove the last two relations, we invoked the fact that

N +Ek
N

is a self-reciprocal and unimodal polynomials with nonnegative coefficients. Therefore
by [1, Theorem 3.9], we deduce that

Ny + k| [Ny + ky
Ny No
is a self-reciprocal and unimodal polynomials of the degree Nk + Noks. O

The partition functions p(N, k,n), Qoqa(N,n) and p(Ny, No, k1, ko, n) are related as

follows.

Theorem 3.3. For N,k,n > 0,

N
S (=O)NTB(N = g, g+ k. k,n)

7=0
0, if N is odd
- Z(_l)n_jp(N7k7j)Qodd (N/2,n—j), if N is even.
§=0

10



Proof. To prove this relation, we consider the identity [4, Eq. (5.2)]

N 0, if N —kis odd
N ]
<—W[.]F]= N | |
j=k AR (—1) (¢ 4°)(N—ryj2, if N —k is even.
k

We have

(N=7)i+(G—k)k

al NI [j N ,
ij=k n=0
(N—K)(N+3k)/4

N
S S O SETURE SRS I8
j=k

For N — k even, we can write

N
[k] (4 6°) (v—r) 2

Nk—k2 (n—k)2/4
= ( Z p(N — k,k,n)q") Z (=1)"Qoaa(N,1)q"
n=0

n=0

(N=k)(N+3k)/4 [/ n N —
= Z (Z(_l)njp<N_kakaj)Qodd ( 2 7n_j)> qn.

n=0 j=0
The proof follows easily replacing N by N + k.

By Theorem 3.3, we derive the following relation.

Corollary 3.1. For N, k,n > 0,

2N

> (=1Yp2N = j,j.j + k. k,n)

j=0

=> (-1)"7Q (2N +kk,j+ <k ; 1)) Qoda (N, 1 = j) -
j=0

11



Chapter 4

Some relations connected to

elementary symmetric polynomials

In this section, we invoke some properties of the elementary symmetric polynomials to

give another relations involving the partition function p(Ny, Na, k1, ko, n).

Theorem 4.1. For N, k,n >0,
(_1)_7]5 (N _ij - 17jak _jan - (;)) = 614:,07
j=0
where 9, j is the Kronecker delta.

Proof. To prove this identity, we consider the fundamental relation between the ele-

mentary symmetric polynomials and the complete homogeneous ones:

k
Z(—l)kej(xl, T, ... ,ZE”)hk_j(I'l, To, ... 7$n) = 5k,0-

J=0

Taking into account that

and

12



we obtain the identity

Sy |V (Vo] (41)
=0 ] k_j 7

J

We see that the coefficient of ¢° is 00 and for j > 0 the coefficient of ¢’ is null. On

the other hand, the generating function for p(Ny, Na, k1, ko, n) allows us to write:

k ) B o
o [ [V-14
J k—j
(N—=)j+(N—1)(k—j)

ZJNAM<§§p4yp(N_ij—Lmk—gn—(é))>¢F

This concludes the proof. O

Theorem 4.2. For N, k,n >0,

[vn]
j=1
0, if n is odd

p(N,k,n/2), ifn is even.

Proof. According to [15, Corollary 1.3], we have

k
ek(’r%?m%"" 12) = Z(_l)j€k+j($1,$2,...,.Tn)ek_j(xl,xg,...,fL‘n>.

rrn

=k

By this identity, with z; replaced by ¢/~', we derive the identity

N N N
il T

N
k k47| |k—j

2 k
+2) (—-1)¢"
q J=1

q

13



We have

n=0
and
2 k
+23 (-1)¢" M ]
. = E+j| [kE—J
2k(N—k)
= p(N —k,N —k,k, k,n)
n=0

+23 > (VRN — k=, N —k+j,k+j.k—jn—j)q"

= p(N —k,N —k,k, k,n)q"

2k(N—k)—1 |v/n)
+2 Z Z PN =k =j,N—k+jk+jk—jn—35")q"

So we deduce that

g
PN =k, N =k kkn)+2Y (=1Vp(N —k—j,N —k+j,k+jk—jn—j
7j=1
0, it n is odd

p(N — k,k,n/2), if nis even.
Replacing N by N + k in this identity, we arrive at our result. O]

Two congruence identities can be easily obtained as consequences of Theorem 4.2.

14



Corollary 4.1. For N, k,n > 0,
1. p(N,N,k,k,2n+1) =0 (mod 2),
2. p(N,N,k,k,2n) = p(N,k,n) (mod 2).

We remark the following special case of the second congruence identity of this

corollary.
Corollary 4.2. Forn > 0,
p(n,n,n,n,2n) =p(n) (mod 2).
The case N = k = n of Theorems 4.2 can be written as follows.

Corollary 4.3. Forn > 0,

> . - 0, if n is odd
> (-1p(n— %) =
=0 p(n/2), ifn is even,

where p(n) denotes the number of partitions of n into parts of two kinds.

By this corollary it is clear that p(2n + 1) is even. On the other hand, p(2n) and
p(n) have the same parity.

15



Chapter 5
Conclusions and perspectives

The restricted partitions in which the largest part is less than or equal to N and the
number of parts is less than or equal to k have been extended in this paper to the
partitions of n into parts of two kinds with at most k; parts of the first kind, each
parts less than or equal to N7 and at most ko parts of the second kind, each parts less

than or equal to N,. Some partitions formulas have been derived in this way.

In addition, we will invoke some properties of the elementary symmetric polynomials
to discover new relations involving the partition function p(Ny, N, k1, k2, n).

In particular, considering the ¢g-Vandermonde identities

k
mi M=y (n—j)(k—3j)
AL 61
7=0
and

{Tlﬂ _ g} m [W;:ﬂ (k)i (5.2)

we will try to prove that the partition function p(N, k,n) can be expressed in terms of

the partition function p(Ny, No, k1, ko, n).

16
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