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1 Introduction

Nowadays the tourism industry has been expanded at global scale well beyond any prediction made in
the past and became a well established industry alongside the traditional ones. It is an activity done
by a person or a group of persons involving movement of people, goods and services from one place to
another over geographical distributed areas (Zahra et al.). The other side of the coin is linked to the
negative impact over the the natural environment and resources. These must be kept under a close eye
by all the factors involved in this industry. In order to study, analyze and predict the behavior of the
factors describing this complex system, an efficient approach is the mathematical modeling.

Casagrandi and Rinaldi (2002) introduced a minimal model containing the core features of several systems
with three main elements like: tourists, environment and tourist facilities. The findings show that the
sustainable and profitable tourism is a reachable goal as long as the economic agents expand carefully
while observing an environmental friendly policy. Also, the link between the sustainability and the
bifurcation theory is highlighted.

The model by Casagrandi and Rinaldi (2002) was used by Lacitignola et al.(2007) and Wei et al. (2013).
Lacitignola et al. analyzed its implementation for a real tourist destination taking into consideration the
two main tourist categories (mass and eco-tourists). The results are presented in terms of bifurcation
theory. Wei et al. presented a stability analysis, where various scenarios are analyzed having different
investment parameters.

Afsharnezhad et al. (2017) studied the existence of transcritical, pitchfork and saddle-node bifurcation
points of system for a similar mathematical model as the previous ones with the coexistence of two main
tourist classes.

In this paper, based on the existing minimal model of a given generic touristic site, we introduce the
discrete time delay in the number of tourists while studying its effect in terms of bifurcation and normal
forms theory.
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2 Mathematical model

The minimal model for a generic site has three variables as follows: x1(t) the number of tourists at time
t, x2(t) stands for the quality of the natural environment and x3(t) is the capital flow of the tourist
activities and should be dissociated from the flow of offered services for tourists.

It can be identified a two way positive influence between tourists (x1(t)) and capital flow (x3(t)). In the
same time, they influence in a negative manner the quality of the natural environment, but the upside
of this is the increased number of tourists.

In Casagrandi and Rinaldi (2002), the rate of change of tourists is considered as the product between the
attractiveness of the site and the number of tourists:

ẋ1(t) = x1(t)A (x1(t), x2(t), x3(t)) .

The attractiveness A(x1, x2, x3) is the algebraic difference between the absolute attractiveness and a
reference value a (Casagrandi and Rinaldi (2002)):

ẋ1(t) = x1(t)

[
f1(x1(t)) + f2

(
x3(t)

x1(t) + 1

)
− αx1(t)− a

]
where α > 0 is the congestion parameter and the functions f1 and f2 are given by Casagrandi and Rinaldi
(2002):

fi(x) = µi
x

ϕi + x
(1)

where µi, ϕi > 0.

In Casagrandi and Rinaldi (2002) the rate of change of the environment is given by:

ẋ2(t) = rx2(t)

(
1− x2(t)

K

)
− x2(t)(ηx3(t) + γx1(t))

where the first term represents the quality of environment in the absence of tourists and capital and
the second term is the flow of damages induced by tourism. The parameter r > 0 is the net growth
rate, K > 0 is the quality of the environment in the presence of all civil and industrial activities (except
tourism) of the generic site. The two parameters η, γ are positive. We assume that the quality of the
environment at time t, x1(t), depends on the number of past tourists:

ẋ2(t) = rx2(t)

(
1− x2(t)

K

)
− x2(t)(ηx3(t) + γx1(t− τ)),

where the positive parameter τ is the time delay.

In Casagrandi and Rinaldi (2002) the rate of change of the capital flow is given by:

ẋ3(t) = εx1(t)− δx3(t),

where the first term is the investment flow and the second one is the depreciation flow. The positive
parameter ε is the investment rate and δ is related to the degradation of tourist structures thought to be
very slow and therefore it is a very small positive parameter. We assume that the capital flow at time t,
x1(t), depends on the number of past tourists:

ẋ3(t) = εx1(t− τ)− δx3(t),

where the positive parameter τ is the time delay.

As the summary of the aforementioned considerations, the associated mathematical model of a generic
touristic site is given by:
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ẋ1(t) = x1(t)A (x1(t), x2(t), x3(t))

ẋ2(t) = rx2(t)

(
1− x2(t)

K

)
− x2(t)(ηx3(t) + γx1(t− τ))

ẋ3(t) = εx1(t− τ)− δx3(t)

(2)

There are the following equilibrium states for system (2):

S0 = (0, 0, 0), S1 = (0,K, 0), S2 = (x10, 0,
ε

δ
x10),

where x10 = r
(
η εδ + γ

)−1
. Moreover, at least one strictly positive equilibrium state of (2) exist if and

only if the following equation has at least one strictly positive solution:

s3x
3 + s2x

2 + s1x+ s0 = 0, (3)

where:
s3 = ka1a2α, s2 = −αδ(ra2a3 − ka1ϕ2) + ka1a2(a− µ1k)− ka1µ2ε,
s1 = −αa3rδ2ϕ2 − a(a3a2rδ − ka1δϕ2) + a3rδεµ2 + µ1k(rδa2 − a1δϕ2),
s0 = (µ1k − aa3)rδ2ϕ2

and
a1 = ηε+ γ1δ, a2 = δϕ2 + ε, a3 = ϕ1 + k.

3 Hopf bifurcation analysis

By carrying out the translation y1(t) = x1(t)− x10, y2(t) = x2(t)− x20, y3(t) = x3(t)− x30, from (2) we
get the system:


ẏ1(t) = f1(y1(t), y2(t), y3(t)),

ẏ2(t) = f2(y1(t− τ), y2(t), y3(t)),

ẏ3(t) = f3(y1(t− τ), y3(t)),

(4)

where

x20 =
k(δr − (ηε+ γδ)x10)

δr
, x30 =

εx10
δ

(5)

and x10 is a positive solution of (3) and

f1(y1, y2, y3) = (y1 + x10)

(
µ1(y2 + x20)

y2 + ϕ2 + x20
+

µ2(y3 + x30)

y3 + ϕ2y1 + ϕ2(x10 + 1) + x30
− αy1 −10 −a

)
f2(y1(t− τ), y2, y3) = (y2 + x20) (r − rk(y2 + x20)− η(y3 + x30 − γ1(y1(t− τ) + x10)))

f3(y1(t− τ), y3) = εy1(t− τ)− δ(y3 + x30).

The linearized of (4) in (0, 0, 0)T is given by:

u̇(t) = Au(t) +Bu(t− τ), (6)

where u(t) = (u1(t), u2(t), u3(t))T and

A =

 a11 a12 a13
0 a22 a23
0 0 a33

 , B =

 0 0 0
b21 0 0
b31 0 0
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where

a11 =
µ1x20
ϕ1 + x20

− µ2x10x30ϕ2

(ϕ2(x10 + 1) + x30)2
− 2αx10 − a, a12 = x10

(
µ1

ϕ1 + x20
− µ1x20

(ϕ1 + x20)2

)
a13 = x10

(
µ2

ϕ2(x10 + 1) + x30
− µ2x30
ϕ2(x10 + 1) + x30)2

)
, a22 = r − 2rx20

k
− ηx30 − γ1x10,

a23 = −ηx20, a33 = −δ, b21 = −γ1x20, b31 = ε, b32 = 0.

The characteristic function for (6) is given by:

h(λ, τ) = (λ− a11)(λ− a22)(λ− a33)− (m11λ+m10)e−λτ , (7)

where
m11 = a12b21 + a13b31, m10 = a12a23b31 − a13a22b31 − a12a33b21.

In what follows, we suppose that:

H1 : The equation h(λ, 0) = 0 has the roots with a negative real part;

H2 : There exists a critical time delay denoted by τ0 such that the roots of h(λ, τ) = 0, λ1,2(τ0) =
±iω0(ω0 > 0) and the the others eigenvalues have negative real part at τ = τ0;

H3 : Re

(
dλ1,2(τ)

dτ
|τ=τ0

)
6= 0.

For the existence of H2, we suppose there exists a pair of imaginary roots for h(λ, τ) = 0, i.e.,
λ = iω(ω > 0). We obtain:

(a11 + a22 + a33)ω2 − a11a22a33 −m10 cos(τ)−m11 sin(ωτ)− i(ω3− (8)

− ω(a22a33 + a11a22 + a11a33) +m11 cos(ωτ)−m10 sin(ωτ)) = 0. (9)

Separating the real and imaginary parts, we have:

(a11 + a22 + a33)ω2 − a11a22a33 = m01 cos(ωτ) +m11ω sin(ωτ), (10)

ω3 − (a22a33 + a11a22 + a11a33)ω = m01 sin(ωτ)−m11ω cos(ωτ). (11)

Eliminating sin(ωτ) and cos(ωτ) from (10) we obtain:

ω6 + p4ω
4 + p2ω

2 + p0 = 0, (12)

where

p4 = (a11 + a22 + a33)2 − 2(a11a22 + a11a33 + a22a33), (13)

p2 = −2(a11 + a22 + a33)a11a22a33 −m2
11 + (a11a22 + a11a33 + a22a33)2, (14)

p0 = a211a
2
22 −m2

01. (15)

Let ω0 be a positive root of (12). The critical value of the delay is:
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cos(ω0τ0) =
(ω2

2(a11 + a22 + a33)− a11a22a33)m01 + ω0(ω0(a11a22 + a11a33 + a22a33)− ω3
0)m11

m2
01 +m2

11ω
2
0

(16)

From (18) we have:

τ0 =
1

ω0
arccos

(
A

B

)
(17)

where

A = (ω2
2(a11 + a22 + a33)− a11a22a33)m01 +m11ω0(ω0(a11a22 + a11a33 + a22a33)− ω3

0

B = m2
01 +m2

11ω
2
0

(18)

Let λ = λ(τ) be a solution of the equation h(λ(τ), τ) = 0. Differentiating with respect to τ , we have:

dλ(τ)

dτ
=

(m11λ(τ) +m01)e−λ(τ)τ

3λ(τ)2 − 2q2λ(τ) + q1 −m11e−λ(τ)τ + (m11λ(τ) +m01)τe−λ(τ)τ
(19)

where

q2 = a11 + a22 + a33, q1 = a11a22 + a11a33 + a22a33.

Relation (19) can be written as:
dλ(τ)

dτ
|τ=iω0,τ=τ0 =

A1 + iA2

B1 + iB2
(20)

where
A1 = −ω0(ω0m11 cos(ω0τ0)−m01 sin(ω0τ0)),
A2 = ω0(m01 cos(ω0τ0) + ω0m11 sin(ω0τ0)),
B1 = −3ω2

0 + q1 + τ0(ω0m11 sin(ω0τ0) +m01 cos(ω0τ0)),
B2 = −2q2ω0 + τ0(ω0m11 cos(ω0τ0)−m01 sin(ω0τ0)).

(21)

We denote by:

M = <
(
dλ(τ)

dτ

)
|λ=iω0,τ=τ0 =

A1B1 +A2B2

B2
1 +B2

2

, N = =
(
dλ(τ)

dτ

)
|λ=iω0,τ=τ0 =

A2B1 −A1B2

B2
1 +B2

2

.

If ω0 is a positive root of (12), τ = τ0 and M 6= 0, then the Hopf bifurcation exist for system (2).

4 Stability of the limit cycle

In this section, we compute the Lyapunov coefficient that gives us information about the stability of the
cycle when it exists. First we transform system (4) with τ = τ0 + µ, µ > 0 into an equation of the form

t = A(µ)yt +R(µt) (22)

A(µ)φ(θ) =

{
dφ(θ)
dθ , θ ∈ [−τ, 0)

Aφ(0) +Bφ(−τ), θ = 0
(22)

where φ ∈ C1([−τ0, 0],C2), A, B are given by (19) and
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R(µ, φ(θ)) =

{
(0, 0, 0)>, θ ∈ [−τ, 0)
(F1(µ, θ), F2(µ, θ), F3(µ, θ))>, θ = 0

(22)

F1(µ, θ) = a200m
2
1 + 2a110m1m2 + 2a101m1m3 + a020m

2
2 + a002m

2
3+

+3a201m
2
1m3 + a300m

3
1 + a030m

3
2 + a003m

3
3 + 3a120m1m

2
2+

+3a102m1m
2
3

F2(µ, θ) = b020m
2
2 + 2b011m2m3 + 2d110m4m2

F3(µ, θ) = 0

where

a200 = − 2µ2x30ϕ2

((x10 + 1)ϕ2 + x30)2
− 2α+

2µ2x10x30ϕ
2
2

((x10 + 1)ϕ2 + x30)3
,

a020 = − 2µ1x10
((x20 + ϕ1)2

+
2µ1x10x20

(ϕ1 + x20)3
,

a110 =
µ1x10

((x20 + ϕ1)2
+

2µ1x10x20
(ϕ1 + x20)3

,

a002 = − 2µ2x10
(((x10 + 1)ϕ1 + x30)2

+
2µ2x10x30

(ϕ2(x10 + 1) + x30)3
,

a101 =
µ2

(x10 + 1)ϕ2 + x30
− µ2x30
ϕ2(x10 + 1) + x30)2

− µ2x10ϕ2

ϕ2(x10 + 1) + x30)2
+

2x10µ2x30ϕ2

ϕ2(x10 + 1) + x30)3
,

a120 = − 2µ1

((x20 + ϕ1)2
+

2µ1x20
(ϕ1 + x20)3

,

a102 =
2µ2

((x10 + 1)ϕ2 + x30)2
+

2µ2x30
ϕ2(x10 + 1) + x30)2

+
4µ2x10ϕ2

ϕ2(x10 + 1) + x30)2
− 6x10µ2x30ϕ2

ϕ2(x10 + 1) + x30)4
,

a003 =
6µ2x10

(((x10 + 1)ϕ2 + x30)2
− 6µ2x10x30

(ϕ2(x10 + 1) + x30)4
,

a300 =
6µ2x30ϕ

2
2

((x10 + 1)ϕ2 + x30)3
− 6µ2x10x30ϕ

3
2

((x10 + 1)ϕ2 + x30)4
,

a201 = − 2µ2ϕ2

((x10 + 1)ϕ2 + x30)2
+

4µ2x30ϕ2 + 2x10µ2ϕ
2
2

ϕ2(x10 + 1) + x30)3
− 6µ2x10x30ϕ

2
2

ϕ2(x10 + 1) + x30)4
,

b020 = −2r

k
, b011 = −η, d110 = −γ.

We consider ψ ∈ C1([0, τ ],C2) and the adjoint operator A∗ of A defined as:

A∗(µ)(ψ(s)) =

{
−dψ(s)ds , s ∈ [0, τ)
ψ>(0)A+ ψ>(τ)B, s = τ

For φ ∈ C1([−τ, 0],C2) and ψ ∈ C1([0, τ ],C2) we define the bilinear form:

< ψ, φ >= ψ̄(0)>φ(0)−
∫ 0

θ=−τ

∫ θ

s=0

ψ̄>(s− θ)dη(θ)φ(s)ds (22)

where η(θ) = Bδ(θ + τ) for θ ∈ [−τ, 0) and δ is the Dirac distribution.

Using (22) and (22) we obtain:

Proposition 1. 1. The eigenvector φ of A associated with the eigenvalue λ1 = i ω0 is given by

φ(θ) = meλ1θ, θ ∈ [−τ, 0]

where

m = (m1,m2,m3)>, m1 = −a12(iω0 − a33),m2 = b31a13e
−iω0τ0 − (iω0 − a11)(iω0 − a33),

m3 = −a12b31e−iω0τ0 .

2. The eigenvector ψ of A∗ associated with the eigenvector λ2 = λ̄1 is given by

ψ(s) = leλ1s, s ∈ [0, τ ],
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where
l = (l1, l2, l3)>,

l1 = (iω0 − a22)(iω0 − a33), l2 = a12(iω0 − a33), l3 = a12a23 + a13(iω0 − a22).

3. With respect to (22) we have

< ψ(s), φ(θ) >= e11, < ψ(s), φ̄(s) >= e12, < ψ̄(s), φ(θ) >= e21, < ψ̄(s), φ̄(θ) >= e22

where

e11 = l̄1m1 + l̄2m2 + l̄3m3 + e−iω0τ0m1(b21l2 + b31l1)
e12 = (iω0 + a22)(iω0 + a33)l1 − a12(iω0 + a33)l2 − a12b31eiω0τ0 l3 − τ0e−iω0τ0(b2l2l1 + b31l1l3),
e21 = ē12, e22 = ē11.
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